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PREFACE 



At the SMSG I963 Summer Writing SessioMf, a 'small group considered* the 
question of a calcsulus text "for high school use* The members of the,g3X)up 



were: 



A. A* Blank.. Nev Yofjk University . 

J» GXark, St* Paxa's, School, Concord, New Hairrpehire , 
C* W» Leeds, • Berkshire School, Sheffield, Massachusetts 

Itessey,^ Seattle Public Schools, Seattle, Washington 

Stenberg, University of Minnesota, Minneapolis, Minnespta 
R. D," Wagner, University of Wisconsin, Madison, Wisconsin 

'*The SMSG Advisory Board ha^i expressed a desire for a calculus text, 
suitable fojr hi^h scftiool use, which would presuppose the SMSG^program through 
"Intermediate Mathepiatics" at least, -and possibly thorough "Ebementary Functions 
and which would meet at least the level of the Advanced Hacement Program. 

The calctilus group surveyed, all available calculus texts^ to see if any of. 
them satisfied the Advisory Board's requiiremerits • ' Finding none, the group 
drew. up* an outline 'of a course which would, and thep proceeded to annotate the 
outline* 

The annotatioi\ consisted of discussions of th§ more impo^ant and more 
diffic\at topics. These discussions were intended. for future writers 3^ not for 
high school students* During the course of the session, however,, some of the 
group felt that a more extended e^osition of some of the topics should be 
prepared in -a form suitable for students in order to indicate the intended > 
fetyle and pace of the student .text* \ ^ 

Accordingly,^ a f4rst draft of a student version of the first four chapters 
was prepared. The subgroup doing this felt that in order to maKe the material 
understandable to high school students, certain changes in the outline were 
necessary. * V 

The gTOup could not reach agreement in these changes,, so two sepaorarte 
repo:5:ts were prepared, tlje second^one being the student version of the first 
four chapters* 

■ . V ' 
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\ ♦ Comittee Exploring Calculus / 

Report %^ 
> 

This report is divided into four sections, entitled The iTeed^ The Survey, 
The Design, and The Samples. Although this makes for an orderly efficient 
report, it does not reflect the chronological progress of the committee • 
Given a "broad mandate, the Commitjee Exploring Calculus (CEC) struggled wP h^ 
•A number of ideas simultaneously and tried to find common areas of agro^^m^*^^.. 
Although there were several points of view about the order of topics in th<^i 
table of contents and the style of the Samples', the conclusions in this 
report are supported by all members of the committee* 

The Heed * , 

It ia clear that each year more students will be capable of taking a 
ftxLl »year of calculus ifi the l^th grade and will choose tp do so* CEO does 
not assert. any Judgment about the wisdom and strength of this trend; sufficient 
for it to idei^bify the fact and offer 'Constructive measures* The committee 
does feel, however^ that no calculus course should be less than a full year ♦ 
There will be an increaeijog niMber of students studying calculus in the 12th 
grade and they will need suitable tebcts* 

To fulfill this need, any text should be written in the style of St^G 

and continue to exhibit sound mathematics. These two characteristios which 

reflect the underlying philosophy of the program have been an outstanding 

asset of the publicat^.ons . The style can be sxMmarized as self -teaching; 

i.e. requiring lucid, rather lengthy explanation, specitTying all details and 

illustrated with nmerous examples. The content consists of vital mathe- • 

ratatics that reveals'' its inherent power and scope as well aq. Its challenge • 

* 

The problems must be fresh and interesting.^ 



in £he**S3 



The text must cover in adequate depth th«^topics listed in £he** syllabus 
of the Advanced Placement Program. Since the APP and SMSG both seek to 
prcOTulgatie the mi-thematics that will best prepare a student for future work . 
in the .discipline, their syllabi wil3P necessarily be very similar. 

The text kust present mathematics in such \ way tlfet each stu^nt will^ 
acquire an accui;ate, if. limited, idea t>f analysis apd appreciate tne 



challenges of analytic methods. This is especially imporfant in a course 



that may l^e a terntlnal course in mathematics for some, Uiifortunately there 
are those few who take calculus^ and do not go to college^ Also many choose ^ 
o-eher dtsciplines to the exclusion of mathema^ica when they enter college, ^ 
Much hasj^een done to alert oitizens to. the dichotoiny hetwfeen the scientific 
and liheral arts iireasj the text should help to repair the hreech. This is^ 
,a need very peculiar to secondary school te:yts* i 

The Survey ' 

CEC undertook a suLTvey of existing texts to determine if there were 

.^any that sufficiently satisfied the need.. The existence of such a text 

... * 
would preclude writing another. 

At best, the evaluation of aiQr texthook involves certain subject ive 
difficulties, which the cominittee tried to minimize as each. hook was 
reviewed and discussed. No jait tempt was made to establish *any check list 
with ^ weighting or point system. 

The books examined included many very excellent texts and ranged from 
%he highly sophisticated, very rigorous to the completely- intuitive. The 
books generally fell * into one or more of four categories.. * ^ ^ 

Many were foiind to be too rigorous ♦ Written at a hi^ level of mathe- 
matical sophistication, such texts arexnot ideal for an introductory course. • 
Others* appeared to be simply too long. They. include more topics than could 
be covered in a one year cour^. * Generally these are books that were designed 
to be the text for programs ^of several semesters' duration. 

7 - ■ ^ ^ - • 

. ^A few books seemed to consist primarily of techniques with little 
supporting* theory or background. By implicaticn they suggest that the ' 
student needs only to categorize the problem and then repeat the exhibited 
solution. Finally some books were thought to be too brief compact. While 
excellent books in 8l mathematical sense, they present seVer^ pedagogical 
problems for any but the best teachers and certainly do not f ulf un\he need - 
to be self-teachingT N , * * ^i ' 

limy of the books surveyed have been used as references in the 'study 
guide which CEC prepared to help teachers. 

The unanimous opinion of the committee is that ncme of those surveyed 
(See ^ Appendix A) satisfies the particular need. Therefdre,*^CSBC recommends 
that SM5G consider produ^ng a text that /ffoes. To* this tend, the committee 
undertooV: to design a^text and to prodxi^ campler.. 
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The Design - ' » • • 

The'c^nanittee jFee3,s that a text 'designed *to- fxj^i 11 the i^ed putlined 
• earlier will have a ^umiher of .special characteristics which are as- follows: • 

A "brief rev;|.ew. A uiiif orm 'Mckgroutid is assumed. This means that 
little tiMe is required to establish a framewrk for the course T Yet e3cpli-% 
cit statements of assumed foundations will eaiable-classes of^j^omewhat ' . 
different backgroxtod to*T?egin with unifom* symbolism and definitions. Also 
pedagogically, a reviev'will be usefiOi^ perhaps necessary, 'to most secondary ^ 
school, teachers • ^^'^ 

An assumption about analytic geometry, A ^student who has successfully 

,<JcaBpleted SMSG work through the 11th grede )ias sufficient prfeparationM:o 

handle the concepts and probleBi^, Certainly a full course in analytic * ^ 

geometry will strengthen a student ^s 'foundation.; A review section on the 

* " ' 

general second-degree eqi^atipn is cQntqxrplated and this can be expanded' if an 

Instructor desiVes . ' 

Problem orientation* Insofar as possible, each major topic will be 
mqtSvatedt "by B.n actual problem for which there exists a mathaa^itical model. 
Eventually, afj^er^a heWistic discussion, the ^irical^solutioni will be 
suppo3*bed by/theory an|| formalized since ^lis approacKL/rtust not be at the 
sacrifice ofXrigor. * . ' , ^ • ' 

Emphasis upon approximation. * In elementary mathematics^ methods appear 
to produce exact answers but the mature math^ticiari uses estiination a great 
deal. ,To instill an appreciation of ap^rdximations, especially with*regard 
to the limit concept ^ is a major aim. ^ \ " * , 

, A f ohnal treatment of ISjnits . Following p, rather lengtl^ dxscussion of 
the derivative on an iptuitive basis » the formai c , 5 definition of a 
limit will be given* The ground will have been 'prepared, however, by intro- 
ducing rather early the role that differed^ plSy by repeated use of such. 



clauses as ''x approaches a,* Vhich means that the difference | x - a| can 
be mff&e arbitrarily small.'' Following the formal' definition of limit, some 
work will be given ^ in c, 5 techniqucs\ Then .theorems on limits (of s^ms, 
.. etc*) will be displayed and thereafter usfed. Proofs of these theorems, will 
either be iji the text or in an appendix* . "1 



Separate development of t^e definite integral. ^ Since a thorough under-- 



standing of tHis important topip is most iifipdrtant in subsequent 'mathematics, ' . 
a slov careful development of the definite integj:al will he given* A . • 

coinpleteness and a separation axiom ahout the real numhers yill he given. The 
following separation ^iom seem$ auitahle* "If A and tB are sets of numhers 
having the property that eveiy member of A is less than or pqual to every 
member of th^n there is a number s which separates A and B* ^ 
(x c ^ fetnd y€B=>x<s<y) Although the antiderivative will be used 
. sparingly earlier^" the indefinite integral will not be introduced \mtil after' 
^ -the Fundamental TheorCTi* * 

A teacher's commentary* As is customaiy with SMSG^ the commentary will 
contain a rationale' of what is done^ sug^stions to enhance the teaching^ and 
^answers together with explanationB of all'^exercises, * 

• • • f .. ^ ■ . - 

Ttfe Samples > ^ ^ ' 

Sample sections of the proposed text (Appendix C)_Jiave been preTpared so 
that the style ^ pace, and rigor can be judged* Although the 'samples hfeve been 
rewritten to some. extent, they are not to be considered final, copy but rather 

a trial implementation of the objectives* . • . . 

. ^- . ^ , - ^ 

; Since there was insufficient time for the small committee to writfe samples ^ 
of all chapters , a table of contents (Ajgpendix b) has been prepared to suggest 
the scope of the course. Believing that a Teacher's Commentaiy is an integral 
part of the program, CEC offers a smeO.!. sample of this (Appendix D) . . 
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Title 


Date 


1 ' Puhilsher 


Analytic Geometry ajr>d Calculus 


19p2 


Oxford , ♦ 


, Analytic G^omiBtiy and Calculus 
with Vectors 


1962 


McGrav-Hlli 


I itrpductlon to Calculus 


196§ 


McGraw-Hill 


Jaiculus 


1962 


iBlalsdell* ) % 


Differential and Integral Calculus 
iSnd EdO . ^ * * ; 


1955 


McGraw-Hill 


Introductory Calculus vith 
Analytic JJeometry - 


* 


Holt 


Calculus 


1956 


Ripehart ^ 


Calculus of Functions of One ^ 
iixrgumenx 


iq6o 


Prentice --Hall 


jfjuTSu uourse ir •ua.Lru-Lus 




Wilev 


JDiirerentiai and. ^u^uegrpj. uajucuxus 








1961 


Ronalji 


* 


196^ 


Prentice'*Hall * 


Calculus ai^d Analytic Geometiy 


1963 


, Prentice-Hall 


Calculus 


1963 


McGraw-Hill ^ 


Compact Calculus ' 


13.63 


McGraw-Hill 


Differential and Jntlsgral Calculus 


1953 


McGraw-Hill 


Analytic Geom^tiy and the'Caluulus 


1963 


MacMlllan-Ginn 


Elements of the Differential and 
Integral Calculus 


195?' 


Ginn 


Calculus 

Calculus and Analytic Geometry 


1955 


. Hfeath 


1950 


McGraw-pill 


Calculus w.th Analytic Geometry*^ 


1957 ' 


Allyn-Bacoii 


*^ » 
V Analytic Geometry* and Calculus ' * 
Calculus (2hd Ed.) ' 


1950 


Prentice-Hall * 




Pi-entice-Hall 


Differential and Integral CAlc\jLLus» 


i960 


Houghton'-Mffliil 

I 

Addiscwi-Wesley 


Introduction to. Calculus 


;96i 


Analytic Geometry and Calculus 

1 


i960 


• Gihn 

• 



Differential and Integral Calculus\ 
. (5th *d.) 



195U' llacMillan*' 



Phillips 

Prottcr^ Morrey * ' 

Randolph 
RlelMond 

• » 

Sohwart?/ 
ol\nrvood^ Taylor 

3mail • ^ 
Sprat'ue 



Thomas 



Thurst on 
'ruvnscnu^ 

Wylie , 



An IntFOduotion to MtMJern Calculus . 19^3 
VidVulur lyyj 

Culculur • 1955 



University O^lculu?^ 'with Analytic 

An:*lyt to €tv>i^ot ry find* 0 1 ^v'\a us , ^ 

" Analytlv^ i^s metx-y and Oilculur 
4 Ed\) ^ . * 

-A F:r.'t* Courrc 

C-ilculuti ;.M^; AniilYtio G one try 

Tnltx^ral *^nd DitTc^-'enl Uil Cracului^^ 
An Iraiuit ive Approach ^ ^ 

/ ' ^ • 

An^ilytig Geometry nnd Mh ' 

.Intrtviii-tkm to Cnlculur 
Analytic Geometry ,andj C-^ ! v^ul an , 
Calculur {3ra Ed.) 
Analytic Geometry, -md Oj! ^lur. 
Calculus 
Calculun 

Galculuc 

Calculus and Analytic Geometry 



Holt-RlneharW* 
dlnn 
' Hb>t 
VaYi Nostrand * 

Add i s on-Wesley' . 
Harper . * 



1)6^ » Addicon-WdsLey 
y)G\ Wndswortfi 

' I Addioon-Wesloy 



(3rd Ed.') 

Elements of Ca.1 cuius and Analytic^ 
Geometry • - 

Calculus for Students of Engineering 
' and the Exact Sciences 

Essentials of Calculus ^ 



l' 'Co 
i960 



llolt^hihtirart W. 

Apploton ■ i 

- Apple t6n 
Wile^ , 

^(onald 

'Adxiison -We§ley 



1959 AddiGon-Wesley 



Calculus 



19^3 Prentice-Hall 

1910 Holt 

11^3 Ginn 

,1953' McGraw-Hill 
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PKEyACE TO THE TEAGHEI^ " • ' 

* With the great nmber of calculus hooks now in print, what possible 
justification can there he for anothe^r? The justification Is simple and 
direct; until* now tiiere has heen no hook written specifically for the student 
in the twelfth grade. This hook is 7 

• 'Many of the features special to this text arise dire'ctly from this writing 
grotcp. The most notaT^le feature^ is the care used in presenting a aew topic* 
Paliiicularly In a* first ^course in analysis, time: and patience mu§t he given to 
the germination of the proper point of view* We seek to have a^f^w* topics 
understood in such depth that the p<^wer and suh^^lety can he aj^reciated and 
mastered' sufficiently so that the^ college^ csua huild upon firm foundations 
rather than hasten along in t>rxler to' display a'^nymher of empirical techniques. 

A second feature of the t^xt' is motivation through problems* A desiccated 
" ^ - . 1 ^ 

theoretical discourse doesn't induce inquiring students to continue their 

^tudy; they want to* do things ♦ Mar^ major topics ' will he^ Introduced hy a 

problem. A pattern from problem to technique to epctensions is used throughout 

the book. » * * . * ^ * 

' ^ A third feature is ^the treatment of the limit concept. From the 
beginning, tVfe word differeiwe is frequently u^ed instead of the more ui^ial 
words of approach" or ? gets close to." By using the form- 

f(x') ^ f(a) 
X a , 



the s^Lraultaneous consideration of th^ two differences |f(x) - f (a) | tod 

jx - a) arises in an ^easy and natural wa^. The'^ises of nuiifbers € Sind ^ ^ 

are introduced separately at different places in the t^xt so 1jhat confusion is 

minimized. Ultimately, after the derivative has been introduced on an intui- ^ 

tive- level, a formal definition of llialt 4s ^presented, and each instance of 

' the derivative introduced Earlier is proven formally. Having met and used 

both 5 and^' e 'in earlier situations, the student accepts and understands^ 

the more rigorous definition* Incidentally, two practices* which experience 

.has shown^to promote confusion in an elementary couVse can be lar^^ely 

* . ** ' ' ■ * 

eliminated by* this technique: (l) .Ax does not '^approach zero," a statement 

which combined with the idea 'of derivative at a leads to a falnc concept; 



^S) 5^ .^oe?3 mt ^'go.'^o infinity^" a Statement which promulgates a fantasy of, • 
motion that hinders a true imderstgnding of limit. - * ^ 

A fpurtli feature is the emphasis upon the proper development of the 
definite^ inte^gral* A completeness axiom for real nurobers, is given; the .concept 
'of* upper and lower sums is developed and \iltimately it is shown that 
l"s • S| ❖heriever 0 < \ \ < 6;; final3^ the definite ^integral is 

^defined^ as a, nimier, HopefixUy the "discovery" in Chaptej^ 7 of the relationship 
"between the intjDgral and the derivative when the Fundamental Theoa^em i^ f 
presented yill. be exciting^ ^ , 



• The last 'features tQ 'be ^lentioned are thd brevity of review and 4;he. %Sr- * 

city iDf topics that ^might^* be included in*a one-year course* It is assupled 

\ ^ ^ * • * ^ 

that anyone who stairts a calculus course has studied and completed succesefully* 

the usual courses4considerecl prerequisites. *lt is better to^make this clear 

than tp ^roc'uce a lengthy review or introduce a compact presentation bne 

chapter in length that will entice the iiffproperly prepared* Also the presence 

of a nxamber of extra topics, such as partial -differentials sind multiple - 

{integrals^ liiili^ates against the original objective of a well-defined first * . 

bourse. ^ 

\ • . . . • , 

^ Hopefully this text will help you present calculus in such a way as to 
instill ajgjpreciation and promote understanding of some concepts and notions 
that have and do challenge sc»ne of the best minds of men. * 



Chapter 1 
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nl^omcTioN 



Cal cuius has/t)een, and is, a problem-orlented subject,^ The subject vas 
developed as men sought methods for striving specific problems. As with sill ^ 
branches of mathematics, H is difficihrt, if hot iinpossible, to' f ix >upon a 
particular period in histoiy as ,the momejit of jiiscQvery or invention *^gfSt i1s 
especially hard in the ca^ of, calcu],us since the problems thett stimulated the 
creation of the Subject had existed for thousands t>f years • The/i4;ech{xiques 
were viewed pragmaticlLliy--if the^ ;produced answers they were considered*, 
sound. ^ Subsequently, 'others analyzed the procedures in detail in order toSuiow 
exactly wha't' their pred^ecessors were doing* It was through such. analysis that 
the full power of thp pioneer methods wa^ realized. / ^ 



In this JTirst short , chapter, we shall meet several classical problems^ » 
solution led to the development of y^l cuius. Our* approeich will be quite; 



In 

whose 

intuitive, but it will present the seeyof the method which has become bne 
of the mt^sV powerful branches of mathematics* ^ ^ \ * 



1-1 • A Problem Involving Area 

As you are aware, the area of a cirale is found by losing the formula 



P 



We use ^decimal appro^timations for it in practical calculations. . Cbe commonly 
used in Such an approxamation was orig:inaliy determined du^feg a 

period of great mathematical acjtlvity in Greece (l45t)i- 200 BC) . , Antiphon 
(420 BC) introduced a "method of exhaustion" that was developed by Eudoxus, 
Archimedes, and others. This process, ^ich contains the seed of our modem 
calculus course, iiivolves the use of a unit circle and regular polygons. 

Let us start with one square inscribed, and, a second square circumscribed 
about a unit circle. See Figure^l-la. * 



4 





Figure 1-ia, 



If we aorjopt the nations that lardse, inttiitively from our diagrams^ we note that , . 
the ^rca the inscrihed square is less than the ar$a of the circle, the area 
of •the circuiaccrihed cquare is more than that of the circle, and the area of 



the circle must lie between the areas of Uie« two squares. If we use squares, 
"we' have ' / ' 

2 < area of circle < 1^ . ^ * 

Since' A = itr and since we havfe asstimed r = i, we imnlediately conclude 

We *havenH accoinplished much so far, .hut wc do have a logical argument for. ' 
using a value, ^ ?^ 3, in making a rough estimate I (The Book of Kings in the 
Bihle contains just such an estiratl>e*) • \ 

By increasing the number of sides of the regular polygons, we can malte 
the interval containing it much smaller. For example, if we use hexagons 
(see Fifrure 1-lh) the shaded area in the laat figure which represents the 
interval into which« n is sandwiched is much smaller than the corresponding 
Ghojded area in the last diagram of Figure 1-la, * ' * . 



V 
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Figure 1iL; 




By actually computing the areas of , the inscribed and circumscrihed hexagons^^ 



ve find 



nexaconSj 



2.59 '< « <J.k7 



•can "squeeze" .jr ■betwe*en tvo n\jpibers ^whose difference Tjecomes smaller 
and sniall^r*«[S ve increase the 'nxjiniBer of sides in the regular polygons . JFor . 
" example, using pol:(gofis of 21+ sides (see Pig\xre 1-lc) we find th^ ;. 

, * 3.105 <-Jt^ 3-lt2 I* • . . 





' Figure 1-lc. 



•• f 



We can. compute* the real number to which we assign the symbol to any 
arbitrary accuracy by making th^* number of sides of the inscribed!, and circum- 
scribed regt^ar polygons sufficiently large* 

Iii this illustration we have referred to the "method of exhaustion" which*' 
indicates how ah area bounded by a curve can t^B approximated by areas whdfee 
boundaries are various polygons * Our study will reveal how this prbcess,» 
called the integral calculus, refined and given sufficient power to make 
it one of the most important in the ^entire field of mathematics* 



\ 



*The value of using less laborious metWds, has recently been coxrtputed 

^ to 100,265 places,^ by Shanks and Wrench, July 29a19^1^ 7090* Thio, 

however, is still an approximation* 



Exercises 1-1 . 



r 



1. Unlnr: Smith's "HistoDry *»of Mathematics" or Boyer's "The History oftthe 

Cnl '^ijilus" as a sonrce^/vrite^a l^rief history of the ''method of exhaustion" 
. and the '^quadrature of a circle," . . > # - * * 

Compute the lover and upper hounds for 'it found l^y using an inscribed 
* < and a circumscrihed oot^agon. * 



1-2. Slope of a Curve" *\ 

. .^^^^"^ ^ - / ^ / 

*A second problem that served to noiar^.sh the invention of calculus was the 

- \sk bf defining what we mean by "slope of a curve" and 'then ^obtaining w6ys of 

*jmputing the value for a wjde assortment of eoparngples* We know what ,the slope 

..r a straight line is. Simply stated^ it,is^^he ratio 



rise ^ 
run 



-r the same value -for^' different segments of tlie same line, ^More exaetljT 
that the slope of a^^tra^iit line* passing through the^ two points ^ 



\) and (^j^^y^^) 



^0 ^1 * 



V- now tujTn to a curve,' the situation cha'^ges xJramatipally. » (See 
I' lr.ure l-2a\) If we think vac^cly in terms of . . 



rise 
pxa 
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and choose three points 6n the curve ^ say P^, and Pg, ^ then a^ 

.proced\xre similar to the straight line metho^^yfelds the ratios - 



^ ^2 ^1 
^2 ^1 



and 



. i^l ^0 



r . They aye not necessaxily equal, yet they mightihe. See Figure l-2h* 




Figure I'-Sb* 



In this instance, however,^ the slopd of the straight 'line Is not vhat anyone 
W(5uld call the slope of the cu3rve. The ratios ^ V , 



0 



^2 ' ^1 



^1 ■ ^0 . 



represent the slopes of s'fecant iXnes . What* we seek is a measure of what ve can 
vaguely call the "direction" of the cuorve. 

' ^ , ■ ' ■ - - . ' ; ■ 

If a "boy is vhirling. a ,stone on the end of a string in> a circular path 
and then releases the string, the' stone flies off on a path whidh depends on 
.the point ^ release., Se^ Figure l-2c. .- ' , 




Figure l-2c."* 



f 

IT 



^Somewhat the same proMepi Is involved in sedFely lax-Jiching a tftanned Mercuiy 
capsiilei The ^rocket bearing the capsule is inoVing lipward in a cui^ed :^th\ * 
At the proper moment, the capsule Xb released and it; continues along a patTi 
in the "dfrection" in vhich the pcywer^ rocket was moving. -^How ve define and 
measure this "dirfecxion" of a curve is mo§t pertinent. , * \ 

T/hat we want for our curv&s is ^something similar to what Tr<ie had when we 
spoke of. a tangfent to a circle' in our study of geometiy. To draw suct\ a line 
throug^j^ a particular point of the circle, we constructed a line perpendicular 
to the radius th^jough this pMnt* See Figur^ l-2d* * • . ' i 



I 




Figure l-2d, 



1% helps to think of a tangent as heirfg a ^straight line q^proximation of 
the circle in the neighborhood of point' 'A, Since we are unable to draw radii 
and perpendicular^ when/ we are deali3fig with other curves, we must OBv^op a 
new aj)proach to obtain a linear approximation* For. examj^e if, we wish to 
draw a tangent, * or linear approximation, *to a curve through appoint (^j^^jy^^) 

then we consider a secant through this point and a second point close by on 
the same curve* 

This second poin^ can be on either side of (x^,y^) aJong .thtfe curve, ^ 
See JEigure l-2e* 
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» ' . Figure l-2e., ' . . , 

It ve call these near^^lDy points (xg^y^) and k^i^iS^ ^ and if we drav two 

secant lines, each through the. given point and through one 'of the near-by 
points^ then ^^le^slopes of these two 'lines are 

. , N \ ^ i- and ^ • 

^Decreasing the distance between the two points (Xg^y^) and ^^^^^1^^ while 

♦ ♦ . 

keeping x < x.^ < .^o> in general, make the difference between the 

two slopes arlJitrarily siftall . If we define our best linear approxijnation, or 
teaigent, to the curve at point ^^yf-^ sis a li-ne whose slope lies "between 

tl(e two slopes of "sxich secant lines, we can find the slope of t^is tangent to 
any arbitrary exactness by taking points sufficiently close to (x^,y^).. 

^ The refinement and^ study of this s^?cond problem constitutes much of what 

is known as differential calculus or the calculus of derivatives. The 
discovery about 16T0 by Leibnitz and Newton (at the same time and quite 
independently) of the relationship between thfe area probl'^m and the tangent 
pri^blem is generally called the starting moment of calculus. 
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Sxferclsee i»S - , 

1. Consider tKe <^ijirve y = x^. Find the slope of the secani^ line through' 
each of the following paij^ of points. 

(a) (1,1) and (l.l,1.2l) * I * 

(h) (1,1) *W (.9,..8l) ' * • ; 

(c) (l,l) and (1.01,1.^203*) ' 
■ (d) (1,1) and (.9a, .9801) 

2* Conside:}^ tfc curve y = x • "^What is the slope of a secant line ^through 
the two points (^,f (a^ and (x,f (x^. ! 

• ■ ■ - /• . 



1-3 • Instantaneous Velocity 



' ^ ^ *This third problem was the object of concern at the same period as the 
two we have considered previously, "but we shaiJL discuss it ^in a more modern 
setting. Consider a jet -liner that takes f ive houf s to fly the 3<!(pO i&iles 
from New York to ^an Francisco with Professor Begle aboard. The average 
velocity of the airpl^pne is, therefore^ 60O miles per hour, velocity befng 
defined in the coinitfon manner^ * * 

* T distance * 1 

velocity 



time interval 



To Professor Begle,^ however, as the jet -liner rushes down the runway, the 
velocity of th^ jet-liner at lihe moment of take-off is more imoortant* 3Jhis . 
critical velocity, loO irdles per hour, is not foixnd by\ dividing the total 
distance by the total time. T9 determine if the jet?-liner has reached the 
critical velocity*, if it ^Is going to fly, we must use a viiy small time 
interval near to the iiis:^t of take-off.' The aiiplane takes off about ko * 
seconds after starting its run, but the distance, oa the runway divided by hO 
doesnH yield l60;Tn^es per ..hour, or its equivalenl^ 235 feet per secondli We- 
find the take-off velocity almost exactly by considering the distance co-fer^d 
in a very siaall time interval, one-half second for example, just before 'take- 
off. ^ choosing a* time Interval sufficiently small, we can obtain a velocity 
that we might arbitrarily label "instantaneous velocity ..^^ ^ 'f ' . 



9c: 
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Since it is excee^-ingly difficul«t to mark 'the exact' md&ient that^the 
Jet-liner is beginning to fly, (de the wheels have to be ecanpletfly vitfibu^ 
contact vith the ground to Jiave all the wei^ of the airplane bqrne "by the , 
wings?), it is useful to mark a position 'P^ when the Jet is JLe£4niteiy on. 

•the ground at time t^ , and th^n again mai'k the; position P^. when the Jet is 

•off the ground, d:b. time t^. Ap- approxinj^t^lon ofjjm instantaneous ^veloc1,ty 

' , • :\ - * ■"■^'^w" 4 ' - 

can be mde by finding the distaJ^ce between 'the twQiJositions, P^,' " \i and- 



, dividinc this valxie V the time interval elapsed be'tween,' t^ and t^, 

^t - t. By making ^e* time difference' sufficiently small,. we make the 
'21.° - • , \ . 



/ 



dif f erejp«e^ quotient 



1 0 ■ » 
^ r 



' approach, dr be arMtrarily close to, \ the number which we choose, to call - 
^ instantaneous velocity. * ^ : ^ 

This third problem is closely related to the >bne mentioned in Section 1-2. _^ 
' As /we refine and develop, the methods suggested in the "description of ^les^^o 
problems, the differentia], calculus emerge's and provides solutions n6t oaLy to 
these, but also to a host of other problems. ' 

* Exercises 1-3 ' ^ 

iji.The following table contains the die tantes in Jeet ^a jet -liner covered from^ 
« ^ the starting point and the time in seconds required. 





TOO 


2C^00 


looo 




5800 


6000 


6300 


6500 






10 


* ;>0 


"a 


30 


' ^5 


ho 




. 50 

i ■ 






,(u) Find the avcrafif.- velocity during the flrsib 10 seconds. 

*(b) Give a reasonable approximation to tl^e instantaneous velocity at 10 

' seconds i/hat is the possible error of your approximation? 

(c) "^Tf the jet-liner tStkes of f after *>0 secoi\ds, what is its average 
. velocity on tlie runway? 

(d) from thiD table ripproximate tVie take-^off velocity. 
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. * HufHKc.ic distance, covered by a frccl;;^alliriG /bod^ is determined 

/ yjicre . t stands fox* time in se-e^ndc axid s for distance in feet» - .4 

""(a) Find' the distance covered in 2 seconds. / * 

(%) Find the^distance covered in 2*1 seconds* • 

,(c) »^ Approximate the velocity of the freely falling body at the end of 2 
second? of free fall, ... ' ' 



1-1; • The Limit Concerpt \ / . ; 

As the pioneers in the slitidy o3r calculus olDtained solutions to prolDlems,; 
Ifhey stimulated many others vho, following In the steps of ^he pioneers^ solved 
(circa 1*700-1300) a wealth of assorted problems. 

Subsequently^ following the flood- tide of diBcoveiy/. another generation 
became concerned (circa 180O-I900) about the theoretical afepects, and devoted 
its efforts to putting the subject on a firm or rigorous fotJinda^ion. foremost 
among those who made contributions were Gauss (lTTT-l855)^ Weierstras^s 
(1815-1897)*, Cauchy (17B9-I857),' ania^Rlmann (l8?6-l866)/ One the difficult 
concepts to ^lace upon a firm basis wts'^the notion o'f a limit, and yet 90 
aspect of the subject is more germane to a real comprehension of- what Is 
taking place • . . 

In the discussion of the three probleSlis presented earlier, have been 
actually meeting the ^concept. The veiy word ^'exhaustion" jjtnplies a* limit, 
even when used in ither, non-mathematical, senses • The idea of ''best^' 
straight -line approxjjnation to a cuurve suggests a limit; the term 

A. 

"instantaneous velocity" again brings up the concept. We should not conclude, 

^ It . - 

however, that there are three fundamentally different limits involved The 

problems are essentially apj^iications of cne central idea— a real number can 

be approximated within a controlled margin of error. This is tha limit concept 

Actually the, concept is not a* new one to anyone who has completed intennediate 

algebra* since it. was met when the sums of a ceometrit; sequc^nce are studied* 

^ * ' ~ - ' ' ^ ' ^ * *^ 2 

liecall that a geometric sequence is defined as a sequence a, ar, ar , 

^ 111 
ar"^, foi^ example 1, -, p j^, . Now if'we consider Ihe ccrics 



X + i + i- ve sgeak of the sum as "approachinp" By f^ontrolltog 

the number of tepis n involved in formine a sum, the "difference between the 

sneciflc sw S and the '•limit?* ? can "be made as small as '.Ve please, 
n . - • . , . . 

If we let the Greek letter t ,(ej)silonX ^represent a small positive number, 
then we can summarize this discussion in mkthematical notation, by writir^. 

Employing the notion of differences to roach- a uGcfvil definition of the word 
"limit" iproves to "be ver^ 'fruitful as we shall see, « * ' , 

. The origins* of the derivative and* the integral have been suggested in ''the 
.discussion of the slope of a curve and the Area of a circle respectively. The 

derivative is ass.oclated with varia-feionj in general* ij measures rate of 

Change. Among tl^e maijy intei*pretations of derivative ve have velocity, 
'acceleration, electrical current; heat flow, strain,, density. The integral 

is associated with totality; it generally measures the end result or net 

* effect o:^ variation. It h&s- interpretations such as« the momentum acquired by 
a body affected by a force, electrical charge, energy, work, volume, mass. 
Later we shall, see that derivative and Integral are complimentary ideas and . 

■ that the inverse relation between. tKem can be exploited to great advantage. 
The point' is not the universality of the two concepts above, but Uhat" there it 
a ^culus , a system of reckoning, *rhich enables us to solve 'important 
problems iri\rpl%ing these ideas and to solve them simply* and quickly. . Just as 
science enriches mathematics by providing concrete models, matheynatics epriche 
science by providing system euid organization. . I 

- 

To develop this calculus we Imve made an intuitive "beginning. Th^ 

* intuitive approach is useful and suggestive, but eventualjo'^ we need to know 

* Jiist how far our methods work and when they are likely tdjTail. For this 
purpose we must frame our id#as precisely and reason abo^t them logically, 
yet we shall not attenipt to reduce the calculus to a con^lete deductive 
system. .We shall try to label* ouir omissions, however, so tha-^ you will be 
aware of the gaps to be filled if you undertake further study. - 
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Exercises 1«U 



Given the sequence JL, trhere ^1 ^ ^ ¥ ^ E ^ ^ 

(ieterndne the number of terras that must be taken to make the difference 

between S and 2'" lese than . ^ 

n • , . 

>. " ' ' ■ 

(a) .01 ■ . ^ » 

<b) .0001 , ^ ^ 

, \ * ^ ^• 

(,c) 10"^° J' 

?. - " 

Let y = 2x' + X +. 1 ' 

(a) If X = 2'.1,,; Tind the difference y 

If - X = 1.9, fin^ the difference 11 - y. 

(c) If X = 2.01, find the diffc;rence y - 11. 

(d) If X = 1.99i find the difference 11 • y. 

(e) if the difference |ll V y| is to be made less than . *01 what s^et * 
of values can be assigned to . x? * ' ^ 



Chapter 2 
NUMBERS, FUNCTIONS, and GRAPHS 



2-1. Introduction 



Before there can be communication between two pepple, there must be a 
« 

language that is understood >y both. Mathematics is a language which means 
that it has a vocabulary, gremmiar, an4 the other usual attributes, .Coacpaxe^ 
with other lajtiguagfes, however, it is at once more precise and succinct. This 
precision, if fully achieved, assures us that no ambiguity can arise in the • 
use of a word that is defined, nor in the application of a criterion i,n paking 
decisioas. TJndoubtedily everyone who is "embarking^ on this. introa3|2to3ry course 
in calculus. has studied algebra, plane geometry, trigonometry, and analytic 
geometry* These various' branches, however, are not taught in a uniform way,- 
nor should they be.necesstoily* In order tb establish a common vocabulary, 
which is our immediate problem, we shall quickly review some familiar topics^ 
The first of tttese will be real numbers, which are the basic objects to which 
9ur statements apply* On occasion, we shall use diagrarajs' anagraphs to 
provide an inteipretatioij or aji intuitive argument, yet the definitions and ^ 
liheorepis must have meaning when attached only to i*eal numbers and divorced 
-dfrom these pictures. « 



2-2. The Beal Numbers . > * " . ^ 

We are all familiar with many different sets of numbers frorn'ouf past 
e3q)erience In mathematics . Th% numbers with which we shall be mainly concerned 
in elementary calculus are the real numbers . Subsets of the real numbers are:, 
the set of natural numbers (1,2,3, •••)> the set of integers {...,-3,-2,-1, 

2 3 0 

■ 0,l,^,3,..n, ^be set of rational numbers including ^as elements and ^, 

and the set of irrational numbers including as elements + and «. 

Unless specifically mentioned, we shall assume that the word "number" means 
"real number," The real numbers are characterized by three sets of properties: 
operation properties, order properties, and completeness properties. 

; ■ ■ ■ • 

^5 3*) 



We shall reviev the first: tyo of these properties leaving the completeness 
to Cbaptex- 8 vhere it vill be iraportaint in the study of the defiriite integral. 



!Ehe Operation Properties 4 



- 1 , 



For all real ^timbers a^ T^^ c: 



!• CL66iire 



( 



a + is a real amber 
ab is a real ixmber 



' Conygutatlvity 

«, - «♦ ' 

3* Associativity 

4. Identities 

5. inverses 

6* IH.stril)\itlvity 



a + b 5= b + a^ ab « ba * 

a. + (b + c) = (a + b) + c, a(bcy = (ab)c 

a + 0 = a, a*" 1^ a * 



a + (-a) ^ 0, a • (-) = 1 where a O 



a(b + c) = ab + ac 



These properties are only listed'since they have been studied in previous 



courses .* 
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Properties of Order 

We rfecall that if a and b are real numbers, then^exactly one of the 
following is tnie: . . ^ 

a^< b, a = b," b < a 

¥8 define a > b, or b.< a, tAmean a - b ia a positive number. > From this 

♦ I • 

definition it follows that a > 6 is tantamount to saying that a* Is a \ 
positive number. The laws* governing '^the usage of theee inequality symbols are 
given be\ow* ^ , 

For all real numbei : a, b, c : 

!• If a < b and b *< then a < c 

X 2. If a < b^ then a 4 c < b + c 

26 



31 



3. If* a <*b, then *ac < be vljen c >0 j . 

k. If a < b, then >^\>c when c < 0 

The expreGcion a < b"< c mentis that* a < b and b < c and we say tiffet b 
is between a and c« * ' , 

One of the iDa^ic as&unrption0 In mathematics is that the real numbers can 
be placed in a one-to*one cOT^pecpondence wli;h the points on a lir^e. Such a 
correspondence gives us a geometrical representation which serves to illustraite 
the order properties of the real n^faibers very* clearly. If the numbers are 
assigned to the line In thp usual way, positive to the right and the line 
horizontal, then a >b ic^ equivalent to, stating that a ' is to the right of 
h on the" number line. -Olius not only Is" > 3 but we also say i^ Is to the 
right of 3 on tfie number line. Se« Figure 2-2a. A 



, , j ^-H 

a > b. ' , k > 3 . , 

Figure 2-2a * V * 

If a f then between points a and. b on* the number litte there is 
an interval. We need to develop 'some language and symbolism for talking about 
intervals It is customary to use {a,b), where a < b, to mean "the set of 
all numb^ers between. *a and b. " It vill 'always be clear from the context 
whether the notation (a^^b) represents ^lun op^n interval or an ordered pair. 

Another way Of denoting the^ same interval is the egression ' * 

' / ^ ^ * / 
{x ja X X < b} ^ . * 



> . a V b * ;^ 

« * 

Figure 2-Sb ' ■ , 

^Thls last exj^resslon^'^ a < x < b, simply states ^ the conditions necessary for ^ 
X to "be in the interval {a,b)» ^ Intervals of this form are called qpen 
intervals since the end points are not tacludedl If we include the, end. points,. 



then we vri1» 



[a,t)J* pr a < X < t> 



and call this a. closed interval* Se^ Figure 2- 2c ♦ * 



V* Figure 2-2c 



If we include one end point of an intervsuL and not the other, ve write 

(a^bj or a < X < b . 4 

and [a,b) or a < x < V • • 

^Oaiese are calle^ half -open intervals • See Figure 2^2d/ 



^ b a - : b' 

, • / figure 2-2d J " 

« Associated with any interval is the concept of length or dlatance between 
the points a and ¥e shall let the distance, 3), between a^ and h 

be defined as * « 

\ ■• • 

We know ja - b| = |b - a|, since for all, numbers a 
^ ^ |a| a if a > Q ^ 



and |a| -a if a < 0. . . 

The non- negative dumber thus .defined is the length of the line segment from 
a to b. ^ , ^ . 

• t 



3.5 h .4.5 
Figure 2-2f 
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A Closed interval, . Buxjh as [1,133. , in Figure- 2-2g 



1 



13 



Jlgure 2-2g 



eaytx "be eScpr^ss^d as eithey 



or 



(x 



1 <>x < 13) 



Prom the above examtples Me see that an Inequality such^as 5| 
^ Is equivalent to * ; v \ * 

. \ -3 < X 5 < 3 
or , 2 < X < 8 . . ' 

In general, the set deteimined hy the inequality 

(x |x - a| < 6), 



< 3 



.where 6 is any positive number, determines an open inteiiral of length 



25 



and with midpointr^a^ as folltms: 



|x - a| < 6 
• ' ^5 < X « a < b 

<=> ^ a-5<x<a + 5; 

This toterval is shown geanaetrlcally in Figure 2-2h». 

■ 6 . 5 . 



a - 6 



t 



a + 6 



Figure 2-2h 



Thus the nvimber x is in the interval |x - a| < 5 . if and only if 
a - 5<x<a+5, '.This. 18 the open interval (a - 5, a + 5) • 



* Exercises 



X. Use the defirdLtion of ^Ss^ ^to. prove that if a > b and h > 
then a :^ c. ^ 

2^ ^ Use the definition of a > h to prove that if * a > b " and c < 0* liien 
ac < be. ^ ^ ^ 

3* If a < b> *vhich of the following statements are true? false? 
indeterminate? * 

(a) . 7a<Tb * ' (d) a^. < b^ 

(b) |a>|b • (e) -U<4b ^ ^ 
(cl a + ^ < b + 3 ' tf X -/TaT < Z]^^^ 

4. find the values of x for vhich the following inequalities are true.ancL 
sbow these values on the number line* 

(a) |x - 3| < 12 (e> |x| < , 

(t.) |x + 3| < 12 ^ (f) |x| >h . • , ' , 

(c) ,|x^ + 61 <i (g) |x + 3|<o/ • 



1 

(d) 0 < Jx - 2| < 5. 
5^ Show that ja + bj < ^a| + jbj^ for any a^ b. 
6. Show that |a - bj > jaj - |bj, for any a, b. 



2-3 Functions " , ^ 

The effort of the scientist to underietand our environment and that of 
the engineer to control it lead repeatedly to the attempt to determine' 
some quantity unambiguously in temus of others. Tot exaipple^ an astronautical 
^^"^ enginej^r who calculates the position 6f fiin orbiting satellite may fix its 

location If he knows the time ^l^psed since the launching rockets cut of f ^ the 
point where cut-off occurred* and the speed and direction of motion at the 
instant of cut-oK ♦ To the engineer it is imperative to know that this 
iiLfoimtion is sufficient to deteitnine ""the position of the satellite j in 
other words, that there Is a functional dependence of position on the other 
data# Examples of this -kind could be multiplied endlessly, but it is cl^tecr 



« « # 



enough fi>om thin typical instance that the eleifient^jry concept or functional 
dopendAxcc perme^toc the bofly of scientific thought. 

A vicv of the idea of functiomxl d^epend once may be useful to jog our 
memories ^ We Lay, a;^datum y is funetldnally Oopendent upon data Xp x^;, 

, X if each assignment of specific values tc €he 4ata x, determines, y. 

n . • 

uniquely. TtiQ correspondence between y and the x^* is defined as ^ ^ 

^ V - ^ ^ ° ^ _ ^ . . ' - 

l\inction t'iftd we write . . , * * ^ 

or, e'luivalontly, . ^ - « « 

to indicate the functional dependence. Both expresnions may be read '*f - In 
the function which maps (x^,...,x^) onto yv " Often y if; referr?*d to at: 

taie ^mage of (x^^jt,* • • For example, the area of a* triangle ic 

functficinally dependent upon the altit^^de h - and the base b: 



A ^ rrth. 



1 



An instructive e^^feimple is the record' of atmospheric pressure as a ''function of 
tlrte plotted by a barcJferaph at a fixed weather station* Tbe pressure is 
^functionaOJ^y dependent upon the time stoce a^*any specific time in the 
historical record the pressure is uniquely determined. 'Clearly, functional 

it* 

dependence does not* necessarily imply causal relation as in the satellite 
probVem; the pressure'^eari haxdly bo said to be caused by the time. Furthermoro, 
functional dependence does not imply any lav or rule like that determining the 
area of the triangl^?. ?here in nd^known rule for specify tnp the prersur^^ at 
a given time apart from the historical rec^Srdj we neither know wliat the 
atmospheric pressure was five hundred years ago nor precisely what it will be. 
^ next week.^ 

* In this course, we shall treat only function's of the form x — > y where 
X and y are real numbers* It is not necessary that a functional dependence 
"be defined for all real values of x. For example, the function 



' • f: X — > A - x^ 
'ir defined only for x 'satisfying -1 < x < 1. The Get of values of x for 
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vhl^oh-^the fuinctlon- is 'defined is called the .dCTialn of the function. !nie' Image 



f(x) = A - 



and, siiBllariy, for specific values of x we may vrlte 



0 
k 



\ 



f(-l) . 

. f{| + h) =s A. - (|,+ h)^ = - 4h'- l^h^ . » # • 

f(0) =1, «tc. " ' . * " . 

The set of .^^ages f(x) for x in the domaln*of definition of f is called 

the range of the function'?" Itor the fjunctifln f : x — > A - ^ the range If 
^ consists of all values '"y satisf^^ng 0 < y < 1* . * . 

It is 'usually convenient to thjnk of a function in terms of its "igraph^ ^ 
that is, the set of points (x,y) such that y ^ f (x)* See Ilgure 2-3a» 




Figure 2-3a 



The property of a function that each value of x in the domain detemlne^ 
* Just one value of y is reflected geometrically in the fact that a vertical 
line, X = a, intersects the graph in no more than one point.' In other vords 
the graph of a function is a set of points such that no tvo points can have 
the same x-coordinate, . 33iis consideration leads to a definition of a real 
function as a set of ordered pairs* of real numbers such that no two pairs have 
the s^me first member • We shall not cotfcem ourselves vith this definition 



* except to ftote that the choice of a first member or element of the, domain of 
the function xiniquely fixes the second member, or element of the range and 
therefore a functional dependence is obtained under iJhe conditions of the 
definition. 

The first definition of a function^ namely the one that defines a . 
functiou as a correspondence, lends itself to interpretations In the abstijact/ 
We can draw diagrams and refer to elements in set A associated vith, or 
, mapped onto, elements in set B. See Plgtire 2- 3b. 



A 




B 



Hgure 2*3b 
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Al^o^ ve caq speak of two. number line$, one containing the domain- of • the 



^^unction and the oth^r containing the range. See Figure 2-3c* 




Members of the domain x^", x^, . . . ' are associated with their images 
'f(Xj^)^' fCxg.),. ^(xj) according to some rule, wliich is usually expressed as 

an equation. Each of the elements fja^^V^x^), fCx^) ... is a member, of 
the range, 

¥e must hear in mind tha^ aji elliptical statement such as "the function 
-y = f(x)" is an abbreviation for a statement such as "the function f such 



that each^ element, x, An the domain is associated with its image, y, in * 
the r&ige by the equation y = f(x). 

®fte of the^aosre interesting properties of functions allows .us to apply ^ 
the four fundamentaa? algelKralc operaticois and create nev functions* Suppose ^ 
f and g are' functions* !Ehen we may have 

' where y = ef (x), 

f + g . * ♦ lAiere Y = f(x) + e(x), 

f - g whete ,y = f(x) - 6(x), 

and tft .\rtiere y = f(.x)/g(x) . , * 

Be careful^ however, not to assume that the domain and r^nge may be blitlte3^ 
combined ln> the same fashion*^ Obviously the ^pmain of f/g contains only ^ 
. those numbers for, >rtiich . g(x) ^ 0* * * 

♦ * 

We also speak about an inverse function in a manner similar to the way we 
speak about an inverse \dth numbers. Suppose we %ave a function f such that 
f(x) =^ at + 1, Bius we have, for example. 



^1 ^> -1, 

^ i) 1, 

and - 4 ^ \ 9 



V 



!Phe 'inverse function will map eac>^ element in the range of f , that is 
5, -1, Iv 9 back onto ttxe associate^^* elements in the domain^ Thus Wtie 

inverse function^ which we call g, gjves ^^^Sn^ 

, ^ -i~->-i, / ; 

1 — v> 0, - 

and 9 — > \ ^ * . 

In- each case^^ g(x) ■^ ■ y- - # Every function does not have an inverse. Por 

example^ if f (x) :r x +1, then 



4 



* • V 1 — > 2r \ , . « 

and s.! — > 2 . ^ 

■ ■/■, ■ ■ 

ISy definition, we cannot h^ve a function that -maps 2 onto both and 1« 
Any time we have a function which sets up a one*.to«6ne correspondence between 



the elements of the domain and the elements of the range, this function has an 
inverse, 

\An operation on functions that has no counteoipart in the algehra of 
Aumbers is composition . If a function f associates ax number vlth 
another "number .x^, (x^ = fU^^)) and then a second function g associates 

with .x^, ^3 = 6(^2^)' ^^^'^ coittposlte function gf associates x^ 
vith My (x^ = & I* is important" to heai: in mind that gf 'does' 

not necessarily equail fg. Note that when we write "gf" we mean 'f is to 
■be applied'before g and ' g. applied to f(x). Specif itjolly, let us (?„onsidser 

f. X ~> 3x - 1, g: X — > 2x% and the number h. Under gf, 'we have ' 
" first f(l+) = n and then g(ll) = f(s{h)) ='Sh2: Under fg, we have first 
.g(lv) = 32 and then f(32) = '^(^^(^X " ^* ^^"^^ ^ expression, 

frequently a coniposite function is called "a :function of a furiction." 

If we thi^of a function as a machine with numbers of -the domain as the 
input and'numbei^ of the range as the output, we see that we can arrange two, 
machines in tandem. See Figure 2-3 d. The total • • 
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Figure 2- 3d. 



machine will perform the work of function gf. We may also represent a- 
ccanposite function by a mapping as follows : 



">1 





aihe moRt lliuminating vay of representing, a specific function Is through 
'« . • . » ' " • . 

?a graph. A graph of a function f . is -a set of points such that for .each 

point. (x,y) \te have* y = f(x). UsuaUcy^ our" coordinate systew Td-Jl he the " 

familiar rectangular or Cartesian coordinates, in >*iich^the horizontal axis is 

a'pumher line containing the domain and the veytlcal line the rsaige. Wp .note 

now, althdugji their use will be postponed^ th^tt polar, coordinates are a" 

second system that we can and will use^ ... 



2^k^ Special JHmctlons 
« — ' ■ • 



In this section we shaH consider an asBortment ,of Junctions that occur 
oft^n ioi aTfirst-course in calculusT They nierit some^attentioh* 

The siBjplest of functions is the, constant JPunctlon 

^ ^ V \. % ft X.— -> c 

The dQmajLi;^ consists of the entire set of real numbers; the range, of the single 
element, f (x) 5= c. Since all elements of the domain are ^associated with the 
one element of the range, there can be no inverse. The' graph is a strai^t 
line parallel to the x axis . . . ^ 



y 



-ap* X 



Hi 
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A*function f \ls a linear function if, Jor m^ t real nximbers, m ^ 0, 
' ^ . ' f :x — > nnc + b . . 

Itor any two pairs, ^,'f(oc^^f ^^ifCxg]) that belong to the functJ^on, 



the ratio 



f(Xg) - f(3Lj_) 



^2 ■ ^ 



is a constant. . The constant is called the slope of the straight line ve obtain 
vhenever ve graph a linear fcuaction. . \ \ 




Figure 2-4b. 



Itom similar triangles, (see Figure 2-4b) ve have 



' ^ " ^3 - ^2 



A ^3 ^ *2 



which supports our previous declaraticm. ' \^ 

ice we shall be concerned with the change in value of a function so 
fifeguently, we define the symbol "A" to indicate change. Thulv^ Ax; 
"iHange in x" or simply **dalta x", represents a change in the value of x. 
Coiresponding to a change in the value of x will be a change in the value of 
, ^the function determined by .the difference ^ 

. . f (x - f(x). ^ • ' 

- ' y *+ iSy = f (ic + Ax) . ^ 

* ♦ 

Ay = f(x + Ax) - f(x) • I 



If y-f(x),' 
and 



Usi^g this, notation ve can wlte .. . 



7^ 



If ve are coneextted vlth a linfear functicm (see Ilgure 2-3a), we have 

"ST 



g ^ f<x>^) - f(Kj> , c^3tant (m). ^ ^ 0 




X + tX,f{x + Ax)) 



umpire S-*fu 



Note that ve are not reetrlQting Ak -to positive v^^ues; can have a 
positive or negative daange» 



j> E>caxgple r Mnd the point common to the graphs of the tvo functions^ 

• ^ ftx — > 3x + 1 \ , 

2 



the angle of intersection of the graphs; and the area enclosed -by the graphs 

-ft ■ ■ . 

and. the x ^^axis. 

Solution , ^e Ilgu3:e IS-Ud, FirsW we grai*i the two functions, The ^ 
points (0^1 )' and (-2,-5) determine 'one line; (0,6)^ and (6, 2) . the . 
other. . , . ' 




figure 2-4d. 



Solvlxig slmuit^eOiUBly we have 

* ' 



y = 3x1- 1 



r 

TT 



y IT 



1 

/15 56> 



0 = 5 

15 
IT- 



= X 



Die point of interseetion is angle of intersection, 6, Is 

the j 



deteimined- ty the f ommla 



1 4- iBigm^ ^ 



* tan e^s: 



iLer^'ittg and ntj^ arei the slopes of the lines. 



tan © ^= 



H ^ ^ 11 , 



— ^ e - 61^ 23' • 
, aSie area Is found through the f QrtmxLa ^h* 



fittore functions that have special interest for cal,culus students are 

the absoiute value function and the step. function. -OSie absolute value function 

f : X — > |x 



for aH X e B 

has as its domain all real numbers x, hut the range is all positive numbers 
0 < f (x). Ifts graph is shown in Figure 2*4e. • 




Figure 2-lve 



Ihe greatest Integer function defined by f(x) » [x] vhere [x) 
denotes tl^e greatest integer n such that n < x. This Is a^^Punctlon quite 
different frcaft those with «hich we are more familiar. As ejcainples of [x] we 

see that f(l) » [1} = 1, f<|) = t|4» 1, t{^) « l^] = 1, = M » 3, 

f(3) t3] 3, and f(3.l) = [3.1] » 3. See Figure S-^f.* ' 

In this cas* the' domain is the set of all real nunibers x, and the range 
Is on^~the integers, ^ , 



1 



-2- 



H 1— +■ 

2 3 l^ 



4 — ^x 



♦Figure 2-hf % 



This function is an exairrple of a step function ^ The name ih clear when 



-we examine the graph. A common example of such a function is the cost*bf. 
mailing a letter* QIhej»stage-staiDp function^ Is also an example of a 
function that requirdMpto lift the pencil from the paper when ve draw its 
graph* Such a function Is usually defined by a set of directions* If we use^ 
mie formula by which poctage on first-class mail Is computed, we obtali) tl^ 
graph in Figure 2-4 g. 

— fCx/ cents 
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Figure 2-Ug 



In this instance the domain is the set ' _ * 

{xjo < X < 320)^ and the range 
consiBts of all positive multiples of 5. Less than 320.5 



2*5. Second-Degree ReXatlons . . 

, Hot every equation defines a -function. For example *when we, graph the 
equation 

we obtain a circle containing Uae two points (3^^) and {3^-^)« To he a 
functl^oil each first element miist he eussociated with a unique second element • 
We can obtain tyo equations e3cpressing y in terms of x that define 
functions ^ ' 



y - ^ . 725 - X 
and give a correi^ponding graph • See Figure 2-5a* 



J' 
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2^ - -XT y 

V 

FiguVe 2-5a 
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An equation of the' second degree in x , and y of the form 



2 2 
Ax Bxy + Qy ^Dx+I^y + F^O 



(A,B4 ,*F€ R; A,B and C ^ot all l^firee zero) defines 'a relation^ that is^ a set of 
ordeai^d pairs (x,y). Such an equation aive's a graph/ if one exists, that 
>ay be an ellipse, a parabola or a hyp*rbola according to the following rules: 
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1^ If 13r i^AC < 0, the curve is an ellipse. 

2» If B - hAQ:^'0^ the *curve is a pfiirabola* » ' ^ 

3« If B - 4AC > 0, the curve is a hyperbola* 

^ ' ^ "'^ 

Bemark: ^ The rules as . stated -are not strictly true. Jhere are a fev exceptional , 
cases that produce an Isolated point, tvo^ intersecting lines, \vo parallel ' * 
lines, or a single line* In ocrder to fit even^ese to the above rules; Idiey 
aye sometimes referred to as degenerate cases, the i)oint being a degenerate 
ellipse,, the tvo intersecting lines a, degenerate hyperbpla, and the other two 
'being degenerate *4)arabole^, • . 

Example ^ Describe/ the curve detemdn^d by the equation ^ 



Drav the graph. 
Solution. 



+ y - 6x ^ 1^ l8 0 



B - llAC = 0 - = -It 

The graph Is an. ellipse or a circle. Since A = C ve know It is the latter. 

X + y - 6x + IQy + l8 = o 
(x^ - 6x ) + (y^ + lOy . ) = -l8 ^ 
(x^ - 6x + 9) + (y^ + lOy +25) = -18 + 9 + ^ 



» 



(x-.3)^ + (y + 5)^=i4_ 



The center of the circle is the poJ.nt (3, -5) J the radius is h. 
See Figure 2-5h, 
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Exagiple > DescriT^e the curve determined >y ^he equation 

"-1 IJJ... II LIU ^ . " . 



f 



Brav the gr%E^. 

> „^,„'#*' 

Ihe graph Is a parabola 



3x - 8x t % + 2 = 0 . 



B - UC = 0 - U(3)(Q) = 0 . 



16 



lEhe vertex of the parabola is at the point *the focus'' is the point 

(^j^)j the. directrix, ,the line y ^ 4^^. See Figure. 2-5^^* 




Figure 2-5c» 
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Chapter 3 

' TSSE DERIVATIVE ' 

3-}.« A Prblaleni ' . . • ' v 

It Is in the nature of tiie ♦human enterprise to tiy to get^tKe bei^t of 
everything: a manufacturer seeks the smallest unit cost for his product, ,a 
student tries to complete his homework assignment in the ^ortest poss^hle . 
tiB^e, a dranagogue expounds the political philosophy -which he helieves vill 
gamer the greatest ntimber of votes. It is seldom clear -v^at must he done to 
get )ihe best value. IJer^ we shall develop a systematic attack on ^ class of 
these problems. . 

Miile the class of "best value" problems treated by the methods of 
elementary calculus is ^ quite broad, we are^ only making a beginping;^ in^ an area 
which is still a lively field of investigse(^ion. ^ . ^ 

Consider the following problem which a writer faceid' recently in moving 
his household goods. -The cost of shipping boc*:s by parcel post happei^ed to 
'be much lower than the cost of shipment by interstate van. il^g post office ^ 
places restrictions on the size of packages: the length plus the girth must 
not exceed 72 inches. .Since there were a great many books, to keep the effort 
of packing to a; minimum the writer sought the largest possible boxes cornplying 
with the post office requirement. Assuming the ends of the box to be square , 
what are the dimensions of the box of largest size? 

%} solve this problem we must know that the post office defines l^e. girth 
of the box as the perimeter of an end face. We let x denote the number of 
inches on the side of .the square end and y the number of inches on the long. 
' din^nsli^ of the boxj we require that 

. ^ , ■ yyf Ivx = 72 .~; ^ , 

Und« r this condition ve attempt tV maximize the number of cubic inches of 
\Vpliwe, , V, of the box, vhere 



* "^It is not hard to prove -ttiat the best ,box has square ends,.^l)ut we shall- 
postpone the Idfgument for thfe sake of brevity here. 



. Setting y « 78 «• in the eacpiresBlon for V we ©"btain 

^ Getting avay from the specific details, ve see that vhat have 
^accanplished is to^xedace the prohlem to the study of the properties of a / 
function f : x — > V* Our problem is not so much to determine the largest 
^al^ie V^g^^ in the rai^ge of the function, although that Information may alsQ 



be useful, but to find a value of a in the domain for -which f (a) « V 



max 



(SChe domain here ccaisists of those values of *x for urtiich the problem is 
meaningful; tha is/the values hetveen 0 and 12/k,) In order to get some 
feeling fhr the problem ve may • sketch the graph of f by plotting a few easily 
calculated points and drawing & smooth curve •toroi:^h them. See Figure 3-.3Si, 



V = f (x) 




Figure 3- la. Graph df the function « x (72 - Ux) 
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In this vay, we might locate a peak of the graph approximately and ve do get 
some precise information such as > f (10) 3200. No matter how much 

information 'we. g^et this way we shall always he. somewhat dissatisfied. In the 
first place . we have- exact inf oimatibn about the function at only a nxmber of 
calc\ila.ted points so that even If we happened upon iaie maximum ve mighjb not 
hfi^aueffe.or it* In the second place ^ the idea of drawing p. smooidi curve 
tkrbugh the ceaculated polntF'ha^ in Figure 3-la 

without ftJorther calciilation we could not be sure that, the continuously drawn 
curve more reasonably represents liie function than the broken curve • Further- 
more, we bannob eliminate this kind of ambiguity completely by calculating 
more pointy* One of our. objectives is to devise* systematic methods for 
resolving these difficulties. 



IHiinking of the problem in ^sual geometri,dBLL teorms, we see that the 
condition for a maximm, f(a) = V^^^, means that the graph of f cannot ^ 

cross over the horizontal line through (a, f (aj) . The direction of the 
graph at ^, f(a}) must therefore also he horizontal, for if the graph met 
the line at an angle, the* two would have to cross. Intuitively, then, tiie 
meetii^g of line and the graph of the function is a grazing contact j the" 
line is tangei^ to the graph. To locate a peak of the graph we seek it among 
iaie, p^iiits where the graph has a horizontal tangent. To make some general , 
use of this geometripal idea ^/e express It numerically so that it may iarve ai 
a basis for computation. . Observing that the direction of the tangent can be 
represented numeri^Mlly by its slope, we reformulate our idea: at a peak of 
the graph the. slope of the tangen£ is zero. We introduce a new function 
X — > f'(x j ^ere f *(x) is the slope of the graph of f at l^e point 

f(x^. 'If^^here Is apeak of the graph of f at f(a)]) then 

f^(a) = 0. To locate a peak, ' then, we look among the. zeros of f\(x). The 
function *f* is called the derivative of f and the slope of th^ tangent 
f*(x)^ at f(x^ is- called the derivative of f at x. 

By now it may seem that we are very far from our second problem and even 
farther from our Initial problem. Let us sxaramarize that which has beeh . 
accOTplished. We hkve replaced the second problem, about which we knew very 



libtle, with a*pro)Dlem alJout which we know a great deal: to locate a peak 
of one function we look among ihe zeros of another funV:tion (called the 
derivative function). The line of approach may eeem devious and' unproductive 
We shall see that it will he fruitfia. The discovery of such an avenue of 



hi 



inve.stigatlon is not beyond -fche powers of ordinary mortals • Wxenever ve becortl^ 
\mdu3^ iBopressed by the ingenuity and power of mathematical methods, ve shoiild 
reflect that an investigator will try not one but many approaches, To his 
admiring audience he will present^ the one idea that worked and never mention i 
the failures that filled his waste baake?t with reams of paper. In j^act, in this 
problem we have already briefly qonsidered and rejected one idea, that of 
finding the maximum value of f (x) by e:Kean^.ning a number of its value®. 

We shall solve our best value problem in Chapter 6 after ve develop * 
necessary equipment. It should be stated that the method of solution we 

rejected wap a perfectly practical one. We might have proceeded by calculating 

1 • 

values and come* very oLose to the optimum solution. Since, however, problems ^ 
of this kind arise often it pays to devote soiiie attention to refined methods 
of solution. Simil^ly, if we wished to xoake just one pin we would be content 
to do it by hand, but if we wished to ]?roduce pins by the million we should put 
a great deal of effort into desfghing suitable machinery for the purpose. We 
shall reach the point of view from which the solutioi^^ of our present pjroblem 
will appear no more consequential in the light of tl\e methods w^ shall develop 
than the production -of a single pin in the ^operation of a pin factory. 

Turning badt to our initial problem we find that we have so far only 
ipplaced it by new problems* In particular, ve have not clearly defined the 
direction of the graph at a given point and, hence, the glope of the tangent. 
Furthermore, even if the slope of the tangent or derivative is defined at a 
*point there remains the problem of describing the function f ^ in terms 
suitable for calpxiLating the solution problem^ 

*33ie art of the mathematician is to extract patteras. A theorent that has 
a variety of applications is mpre powerful than one that is useful only in 
one particular instance. In Chapter 1 a single pattern occurred in the 
problem involving the direction of a curve and the one concerning instantaneous 
velocity. In the first w6 consider the ratio 



^1 " 
^1 * ^0 



^0 ^ ^1 ^ 



y J ■ t • 

Since the graph is nearly horizontal im^tfie neighborhood of a peak the 
penalty for missing the exact location of the peak can be expected to be quite 
small. We shall return to this point latet in the text^ 



in the Beccaid,. we wrked vitii the ratio . . * . 

Since y Is a function of- x in the oB^e^ of the curve and since the position 
p of the Jet-liner is a function of tiae* "we have one pattern for both 
quotients, the numerator consists of a difference "between the value of a" 
function, at two elements of its domain, the denond^tor, a difference between 
the same two elements of the domain, doth have the same pattera 

Occurring in a Vide variety of applications, froni ^e1>- liners to post office 
problems* the difference quotient of this type alvays defines the average rate' 
of change of a function. For the remaihder of this <diapter our task vill be 
to refine , and extend the difference quotient concept • 



I&cercises 3-*! 

1. lijcplain why in the "post-office" problem the dcwnain of the model function 
fi X — > x^(72 - l^x) is 0 < X < 18 • 

2. Sketch a graph of the functioji f : x ^> x^(72 - hx) . Does your sketch 
, suggest that the authors* observation that 

• ' \a.c"> ^^1°) ^ 3200 

is- true? Which of the curves in Figure 3-1 does your sketdti most nearly 
resemtole? * ' 

3. Summarize the sequence of probl^as^^posed in the tack we have taken to 
solve the initial "post office" problem, * 



3-2. numerical OoBtputation of Slope ■>• . 

One" of the sii^plest functions that does -not have a straight line graph 

* * 

is the function f : x — ^> x^. As was tapltly ^aken for granted in the post * 
office problem, we shall assume that §ie dijrectipn of the dxxxrve at any point 



4.- 



5ean >e deacxlbf^d by^ & stralctl^t lln^ ae^ Tlgure 3-2* Sach a straight XtM 
lOorough a iG^^ xxf the curve ve ehall call a "linear a|>proxlmatlon" to tAu! 
curim at lAe B$)int in guestism. /' 




»• •■.•»•■ 



K-gure 3^ 



/ . 



Let us s;tart "by finding, at the point (1,1)* a linear approximation to 
the curve. We do. this, "by taking a second point close by such. as . (l.^, *l»2l), 

or (0.9, 0.81). The line through the. two points (1,1) w^t (l.i, i;st) ' 

has slope\ . * *• ? ^ : 

^-..-^ • V , » . .■ , " 

1«£L - 1 ■ - . • ^ 

> ~ ■•• • , • 

lAiile the line through the tvo points (1,1) and (0.9, 0. Si)' has slope 



1 - .81 .19 



= 1.9 . 



It^is reasonable to conclucLe that any line through the point \l,l) vith 
slope such that 

1.9 f m < 2.1/ r 

will he a goodi, linear apprcalmation to the curve; We ean squeeze m into 6, 
smaller interval hy taking points oloser to ^ (l^)* If ^ \ l*O0l) 
and (•99> •98oi), ve hav^^l^Line vith slope 2.01 and a se*90nd vith 
slope 1*99^ 3he linear approximation has ;aow become a line tlftfough point 
(1,1) and sJlJope m such that 

/ 1*99 < rsL <-S.Ol . . * \ t 



•J 



- -^By using poltits staff ici^ntly oios^ we .QanytBa^i^;*^^^^^ co^iHBLijiing ^ ^ m . 

\ arbitrarily siotll^ Wte dalm that/ for s^f^^tvo poli^ts ettfficiently closfe to - 
• tl^i)j ' the slope of; the correspondliig ilnVvi V ^ * \^ 

- 2j'<:€, • / • ; ^ ; ^ ■■' ^ . 

Irhere-^'c' representg' any small positive npmber arbltra:^^ ql^jseja* Henceforth 
< ve shall call the linfe, given by the equation ' 

; . . (y - 1) « 2(x --f ), 

with slope* 2 through the point (l,l)Vthe best linear approximation to . 

-the. curve' y x at that point, This bestSl^inear Approximation ve shall 

* also 'hereafter call the tangent to the curve at xhat t)oint, . The statement * 

» • : , ^ 

that the spLope of . the ^uorve at the point (lj,S) is 2., shall Ve interpreted 

to mifean that the tangent to . the curve at that point is 2. 

A sindlar process can be used to find the slope of the curv^ y.= x at • 
spy other point on the^^^curve* Table 3-2 suraraarize^'' the computations 
approximating *t6* the V-alue of the slope at the pbint (2,^i-i* 3!t also charts^ . 
the path for squeezing* iri on the value of the,, slcype at the point >( -1,5 1 2,25). 











— — X- 

m 


.' • 


(2.1, kAl) 
(l.9,'3.6li. 




3.9 


3.9 < m.< ^.1 




* (2.0l,.U,0U0i) 

(1'.99-, 3.9601) 


iv.Ol*' 


3.99 


1^.01 < m < 3.99 


(-1.5, 2.25) 


(-1.U, .1.96) 






• ? < m < ' u 


(-1«5> ^•25) 


(-1».6, *2.56) 








(-1.5, 2.25.) 


(-1.1^9,' ?) 


? 




ft 

? < m < . V 


(-1.5, 2.2$)-. 
/ 


( ?)' 









i 



Table 3-2 



^ ^om. tl^e information "i^^Table 3-2 we suspect that for all points 
' sufficiently close ^ (2,lv) ' the^ difference between - k and the slope of the 



correejaqnttfAg line is. arbi"trarlly smeilJL: >* * ' 

k - ^1 < 6 . \ " ' ' / ^ 

. Henc^ the b to jUie curve y » x at the point 

(2^U) BBBms ^o be the line given by the^ec|uat:^on\ * ♦ 

This line ve call the tangent, and ve say the*slbpe .of the curve is 
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* ' Exercises 3^2 

!• Complete tihe con5>utation§ for Table 3-2 to find a^ set of approximations 
which suggest the slqpe of - the curve y « x at the point (-1»5^ 2*25)» 
What Jjhe equation of th^ tangent to the curve at this point? 



2. By assembling a table s'imilajr to Table 3-2. deteimine the slope of the 
curve y = X at the points 

(a) 13,9) ^ , ■ 

\{^) (-1.25,1.54(25) • / \. . . 

{c)^*,(0,0) ' ' ' ^ • 

'3* 'By a similar procetltore,, ^determine thie slope of the ci^yp ■ y = at the 
points .* ) " , 

- (a) (1,1) . . ^ ! • 

(b) (2,.8) V \ - 

/ (c) (Jla, *i,33o), ^ ^ 

Using a simllfLT procedure to that ^ich you employed in exercises 1 
through 3 can you find the slope of the ttengent throoigh the graph of 
x X at the origin? 

5# In the text It is asserted, foaf the curve x at the point (1,1), 

that for points sufficiently close to ^( 1,1) the slop^ m^ of the corre- 

*^ 

spondlng line "v^ll satisfy , . . «v 

' *. 

> |£ ^ 2j < e , ^ * ^ 

for all positive values of € , Find tifo points close tb (1,1) so that 

(a) |m -^/2j < .1 ^ * ^ - * . / 

(b) Im^ 2| <..00l ^ ' ^ / 
^ (c) ' im - 2 1 <^\000»^ 



3-3. The Slope' gianctlon for y « x 



Ve have ^se^n hcfw ^^e can^ t^irough numerical ccsnputatloji^ fjlnd the slope of 
. a ^rve« Such a method is tedious j as j/pn loay Iknov l Let us generall&fe our 



procedure and ^eardi for a pattern that can he hroadJ^ applieSl* 

We shall use the curve y • x again, huj; let us consider a fixed point 
* (a, a ) and tv© points close hy (x^^x^ ) and (x^pt^^ ) irtiere > ^ 

and |a - XqI « |a^- ^il * 



Also we^ittust assume that the segment of the curve that contains these three 
points is *9L continuous smooth curve, that is a segment that has no hreaks, pr 
sharp turns ♦ , 

2 ' 2 * - 

The slope of the line through (aja ) and (x^^Xq ) is 

V . . . 2 2 

2 2 
" The line through^ (a, a ) and (x^,x^ \ has slope 

a - x-j^ . 

^ _ a.^ x^ • ^ 

♦ 

Now m, the slope of the lineax approximation or tangent Is 

2 2 2 „ 2 " " 



a - 



x^ 



or, by factoring. 



'a - 



Since )a - x^) = }a - x^j ^ 0 , 



ve have 



a + Xq < m < a + x^ , 
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,As XQ\eind x^, become closer. to a, the sums a*+ and a + Xj^ both 
approximate 2a. "By choosing values^ suffictently close, we have" 

• jm - 2a| < € . 

We conclude that the slope of the .curve y,=: at any point (a,a^)" on the 
curve is 2a. -.In this cas^, the slope of the curve is a function of the first 
coordiftate of the pointl At (1,1), » the slope is 2| at (10,100), the^ 
slope is 20; ^at (A, 16), -K ^ , ^ ^ ' ^> 

Generally ve denote an a3;^bitraiy point .^ur the curve y. = with' the . ' 
ordered pair ^x,f (x)).,. Where we use this customary notation, then the slope 
of the curve at that point will be 2x. We -fehall^ call the function that 
associ0.tes the coordinate x ' with the slope 2x the s3Uop^ function and denote 
it by the s;^bol f ' . Thus we have 

One generalizaliion has revealed a great deali let* us explore some more* 

Next let* us considei:^ the function defined by the equation y ^ x^ vhere 
n is a positive integer. As before, we seek to determine the value of the 
slope m within an interval that can be made arbitrarily small. If the two 
' boundaiy values converge on one" value, we shall call the latter the slope. 
We . start with a point ^,f(a^ and two other points close by ^XQ,f(xQ^ 

-and (x^,f(x^)). Again ve assume that there are no jumps or hreaks in our 



smooth cUrve and that 



< a < Xj^ • 



Proceeding as hef ore, m vill now he^ defined hy the inequality 

- ■ ". f(xQ) - f(a) ^ ^^M'^^ 

Xq - a X \ - .a 

or using the. fact that f(x) = x^ 

. . . .V ^ . • . • 

• - a^ . . X * - a" 



Xq - ^ ^ > x^ 



\ ^ X, - a 



W J 

Er|c ^ 



Recall .ihat any Wnomiai of 1blxe fcgrm sP" ^ a° qa» -always "be factored into two 
factors, <Mie of -vrtiich is sc - a. For exaarple 

' x-*- - a^ = <x w iai)(i) , ■ . . 

■ : 'X , - a (x, - 'a,).(x, +^.,a)„.., „s , ,v " • 1. ~ ,„ 

X"^ « a"* => (x - a).(x + xa + a ) . 

x^'.: * (x « a)(x3 + xV+ xa^ 4^ a^) / 

^ X - a (ic - a)(x + a + x ^a + + a } • 

^- ^ • ' ^ * » 

Substituting accordingly in each nmerator, and then simplifying, w^ have^ 

n-1 n-S 1 ^ ^ n-3 2 ^ ^ n-1 ^ ^ ^ ^ n-1 ^ ^ P'2 1 ^ ^ J^-B^S^^ ^ n-1 
■** ^0 ^ b a < m < x^ * ^ ^ t x^ a +...+ a 

ay choosing Rvalues of x^ and x^ suflPlciently close to a^ ye can make the 

differences * ' ' ^ 

n-1 n-2 n-3 2* , ^ n-1 ' n-1 / . 
x^ + X-. a + X-. "^a + • • . + a - na 
0 0 0 t 

^ * ^ ^--1 • ^ ^^-2 _ n-3 2 ^ ^ n-.l ^-n-l 

and • > 1 + Xj^ a ^ x^ a + . * t + a - na 

arbitrarily small* Likevise.we can tbi^e 
. " . la - na -j < € 

hy choosing values of x and x.^ sufficiently close to a« We conclude that 

' n n 1 ^' 

the slope fflWShe curve y ^ x at any point (a,a ) is na " • 

** 

We have not only obtained a rule for finding the slope of a. ciprve y ^ x^ 
at some point ^^f{x^ on tlie c^^e but also we have derived a hew functioii* 

If a function f is. defined as f : x — > *where ^n is a positive 

n 1 

integer, then t^ere is another function f ' ^such that : x — > nx " , 
when h is a positive integer, and f '(x) is the slope of the curve"^ 
* V ^ f(x)' at the point ^,f{x^t 

3 

Example > Find the slope function of the function f : x — > x^. Ohen 
•find the slope of the curve y « x"^ at the point whose abscissa is 3# 



V Solution . If f r — > then : x — > tW f ' (x) = 3x^, 



3-^» fhe Velocity function 



Usually one first meets the notions of speed and velocity through 
faMliarity vlth an automohlle speedometer vhich reports the speed of the 
* vehicle ^^.t each'^Unstant of motl^i* OJhe autmohile. Intended to go forward in 
a single direction, kas a itognetic device that reports speed, •which is one 
component, of velocity. Velocity has magnitude and direction and is denoted by 
a signed numbfjr Visually* Stpeed can he considered as the' absolute value of 
velocity* , 

Since the distance the nonaal automobile traverses is raifiher difficult at 
best tp describe vith a rather simple . ^uaticm, let us consider a situation ^ 
that can>e so described. Suppose a boy> lying on his ba<^, shoots ah arrow 
straight up from the grpamd vith ah initial velocity of €h iFeet per second* 
Assuming the arrow is only iirfluenced by gravity, ye knov from actual experi- 
ments that the, height, h, of the arrow is a function, g, of time 
Jh g(t)] defined by * # 

h = 6Ut ^ l6t^ . * 
. , _ ^ ^ ^ ^ . ^ ^ If 

To deteimine the velocity of the arrov at any particular moment, ve start 

with the notion of average ^locity duripg a period of time, ISils we define 

as, the quotient ^ ^ 

change In distance ^ f-Ct^^) - fCt^) 
time ii^erval ^ t^ *o * 

If we let t- 2 and t^ t= and then use thi^ pattern, ve have * 

^ ^ - ^ [61^(2) , 16(1^)] .ja(l)\. 16(1)] - 16, 

- Hence we can say that 4he average, velocity of * the arrow during the second of 
V travel is l6 feet per second* »*The average velocity during a second can be 
^ quite different from the velocity at a partic\ilar moment. Even the concept 
of a moment suggests a period of ti&e, but a very, very short period. For 
the velocity during a manent, sometimes callWd instantaneous velpcity, ve 



mxBt use a Sorter period of time* Itatole oontainB the restilts that come 
ftrom' considering small, periods of time near t ^ X. 



1* 



,\ 










1 




■ .1 




30A 


1 


.9 


-.1 


-3,36 


33.6- 




l .CXl . 




.3181^ , 


3^^8l^ / 


1 


.99 


-.01 


- .32L6 


■ 32.16 - 



Table 3-U ' • 

3?rom Table 3-^, ve' see "ttiat the* average yelpcity dirrlng the 0.1 second before 
t =r 1 'is 3O1.4 feet per second and that it is 33.6 feet per second duilng 
the 0.1 second after t = 1. It is reasonable to conclude that the velocity 
' V ufcen t = 1 is . 

' • 30.4 < V < 33.6 . . ' 

,If make period of time .01 second, we have 

. , ' ^ , ^ ^ 31.8^ < V < 32;16 t 

^£!yiiusing even shorter periods of time, ve can make the i»f€erval containing v 
aitihrarily sm^aH. Ho matter what small positive numoer € is chosen, tJiere 
i^ period of time^o brief that » 

V ■ ^ ■ |v-3a|<c^ • .• 

We call 32 feet per second the velocity at t 5= 1. » 

As -with the slope function, we can generaliz^gur procedtare and obtain 
'a velocity function for the arrow. Let us consider sJ^ixed time t^ and a 

time t very close to t_ (t may be either greater or lesSf than t^^). Our 

t ^ \ 
difj^erence quotient eicpressing average velocity is . ^ » 

, (at.l6tVVt,,l6t^) ^ 6.(f,t).l6(t/,t^ ^ ^ ^ ^ 

[Bote: If we considered' t' and t", t' < t^ < t", we would now have 

61^ + :i^(tQ + t» ) < V < 61* + l6(tQ ■+ t"). 3 



1\v olHViHntt n time t nufflcieiitly close to t , ve hiprej, no ntatter hovr 



Oonroquontly we can'^ say that the velocity, at any time, t-.. In the 

iloi^iin of the fimction g is defined by the equation 

Honve v ic? a fuAction of^ t also. Since h ^ g(t), ve vrite v = g^t)* 



^ , * ' * Exercises 3-^ *- ^ 

1. If the distan^ s of an object is gi^^sjf by the equation s ^ .l6t^ ^ 25j 
^ find the average velocity duiltig the period of time from t =^ 2 to t =; 

2» Using the situation in exercise 1, find through a numerical cotoputation 
thfe velocity when t = 2, 

(Additional exercises of this type are found in a supp^^i^y section 
submitted in the ^Commentary for Teachers*) 




3^5* The Derlvagtve ' 

By the name^ the slofpe function is attached to a curve and the velocity 
function is attached to motion. ^ Suppose we broaden our interpretation by 
opnsideriirig the continuous function f defined by an equation y = f(5c) 

V 

Let a be any element in the d^iain of jthe function and x be a second * 
element (a /^). We call - — ^ 



f(x) ^ f(a) ^ 
X - a 

the idifference quotient and it is the average rate of change of the function 
from ^a to x. Now we proceed to make the difference x - a smaller and 
smaller. If the difference quotient thereby becomes arbitrarily close to some 
number that is . . ' ^ 

|f(x) - f(a) 



^ ' X . a -^^1 < ^ > 

'then the number L is called a limit, and is the derivative of f at a. 
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Intuitively ve speak of the diff<Krence quotient approacMiig some definite valiae 
aa a liinit as x. approaches a^ symb<^lEed /by x -r«> a. . ' 

IflBEEin:TIQg\ 3-? » Tjie derivative of £ at a, -written f (a), is 
ISjiven Tjy , ' 

^'^ "r r(a) V 11^"^^ - ^a) ; . 

f (x) ^ f (a) 



This may also be written as lim 

A X - a 

There are several remarks to he made about this def inition^ Sltst and 
foremost^ the definition is without meetning when ^ ^ a« (^flay?) Second, 
the definition does not specify or indicate what the number f*(a) actually 
is. . SChird, assumiigg that the value of the limit Is unique^ we have each 
number a in the domain of the function f associated with a number f*(a)* 
OJius we have a fumction fM x^— > f^(x) which we call the derived function* 
Fourth, inherent in the definition is the idea of tyo limits: one the resxilt 
considering Xv< a (occasionally referred to eis the left-hand vLimit); the 
^her, the result of considering x > ?l (the rig^t-hand limit). 



^1 



!Ehe suhject of differential calculus is devoted to the conseqiiences and 
applications of this definition. !two applications^ the slope function and/ 
the velocity function, we have met and we can now make a definition accordingly. 

DEFINITION 3^5a. The tangent to the graph of the function f , 
defined by the equation /y = f(x), at the point ^a,j^a)) is tJie 
liQae / 

' / 

/y - f(a) = f'(a)[x - a]'. 
• * r 

DEPINinail 3-5b. !5ie velocity * v at time t^ of. an ohject whose 
displacement s . is a function of t, (s « f(t)J, is v = f*(t^). 



The notation that we 'have used for the derivative of f at a, f'(a), 
is an adaptation of Newton* s» Another notation is D y, read ^'the derivative 
of y with respect to x," whic^ is useful when we have a function defined 
by an equation such as y = x . tfe write D y = 2x, meaning the derived 
function defined by the equation y = 2x* 



i 



- TtiBTe ^ also eltejmte forms ijAie defi»itioa» ^ !Po form the difference 
quotient, ve used tyro .elements ln\the dcfflisin of ^he^'function, a axid "be , 
{a ^ x)« If ve c)ipOBe to desl^ate tvo elements in the domain as x and 
X + 'h, vhere Ji. is a non-zero nuiaber, ttien the difference quotient is 

f (x + h) - t(x) ^ 



and ve have 



f(x + h) w f (x) 
E 



- - = l^m 

h ~> 0 

Oq. occasion, It is useful to designate the tvo el^ients in the domain x ^ 
/ BSnd X 4* /sx, vhere is a non-zero numher called the increment of x% 

Assuming that ve have a function defined by an equation . y = f (x), ve l^t 

f(x + Z^) - f(x)\ !Chen the diffearence quotient 1^ 



derivative Is 



and the 



> Ax: 



0 



Exercises 3^5 • 

1." If we have a function g defined by an equation s ^ g(t), give three 
alternate forms of the derivative using this notation* > 
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Chapter V 



One of the most fundamentcLb Ideas tmderlying every aspect of * calctijAis Is 
the limit concepts It is easy to accept vithout questioning the statement 



**9!he value of x + 2 c^roadies 5 as x approaches^ 3#** meaning is 
not ohscurej the, statement is paraphrased hy students in about the same vay* 
When we modify the statement, however, '.said assert "OSxe limit of x + 2 is 5 
as X approaches 3", the meq|pdng is no lonper lanifofimly deetc. Students 
interpret the latter statement in an asscartaaent of ways, •some ot whftih -are^ 
incorrect . OSie difficulty arises from the word likLt. For example, if the 
statement is converted to the question "What is a reasonable value to assign 
to the expression x + 2, as x approaches 3?" less difficulty ensues. 
Our prohlem at the moment is to' define limit' in such^a reasonable way that it' 
wiH provide a uniform interpretation to* the simple atateaaent given above and 
also give ultimate^ the ability to answer stich questions as 



What is the limit of the expression 
zero? 



(a) 

(b) What is the limit of the expression 

(c) "What is the limit of the eaqpression 
' ""infinity? ^ 



as h approacdies 



sin X 



X 



as X a]^roaches zero? 



2x + X 



BB X 6ppx*oaches 



Intuition^ idaich we have relied uiK>n happily up to now, does not give ready 
or uniftom answers to Wiese* questions* Uor does intuition provide the tool? 
to prove Vigorously some of the earlier assertions, particularly if we divorce 
gex»aetric mterpretations from our discussion^ In Cheaters 1 and 3 the word ^[ 
limit was interpreted by differences • Oliis will prove to he a ftruitf^ course 
as we now lec 
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^^'^ 5 Sequence 

-Since the notion of a limit of a sequence ie; one ve met i^hen ve studied 
gecaaetric series, ve start vith. this notion* It serves a^. a. good ±nta?oduction 
to the idea of llniit of a function, Wich i si the rock oii which calculus is 

Sequences are functione, hut Since they are functions that associate vith" 
each positive integer, n, a number 'a^ -where aj^ = f(l), = f(2), etc., 

the/ are called di 'sere te functions rather than "continuous functions. Kxe 



numbers 



\' '^2* '** called the terms' of the sequence, ^ ^\)f 



' •• ■ a ■ > . » . 

sequences may be of various types. OSiere are finite sequences*, for example 
(a) -1, I |, 0, J'. <a^ = ^ fot n = 1, 2, 3, i^) , * 



* (b) 6> -12,^18, 30, -34 (a^ = (-l/^^6n) for n = 1, ,6). 

Ihere are infinite ^.sequences such as . " 
j' (c) 1, 3,^, T, .../ (a^ t 2ii -a). • 



Also there axe sequences Qonsi sting of 6uccessj[,ve partial ^uros of a series. 
(Frequently such . sequeijLces are denoted {S^3 although this distinction is not 
necessar^r when the content of the problem is sufficient to make it clear*) 

For exairrpl^, fran the series + J + lis-ve a sequence 

of partial sump . " - 

-a, 

1 I 15 31 rc? - > 1 ^ 

1, ^, jj., -g., ^%~4Lj 



2- 



irtiere = 1 



^2 " ^ ^ 5 

S3 =l4 + J 
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frequently we 

J. 

to mean the sec|j;ience of pcprtlal spas 1^ p • • • 

- ^ • '<^. . ^'^ - ' ^ ; 

% 1111 " 

evolves from the series ^ + ^ + + jj. • * * ^ . 

The most tnterestixig chaxacteristic of sequences^l^r us nov is tiiat sotae 

sequences, said to be convergent * approach some finite value L> galled the 

limit, as the niimber of terms increases.. Seme sequences do jiot app^ach a 

* * ' * ^ \ 

finite Value L as n becomes progressively larger) such sequences\do not 

have a limit and are called divergent. 

:^ Jt is difflc\ilt, by intuition alone, to distinguish between convergent 
aj^d divesrgent sequences, Por example, it may be hard to classify exanrpltes 
.e and f above* Moreover, it is important to haye a precise definitionX that ^ 
viaa lend itself to a proof. Let us consider examples c antt d given 
earlier. The sequence ^ 1, 3, 5, T, ... clearly does not approacji one finite 
value. Whatever nimber jnight be named, for example, 10,^37,321, members of 
the sequence can be demonstrated that a;re very nowch larger. ( Scpetime« ^it is , 
said that the limit is infinity iidiich Implies that there is no finite limit, 
the only kind we axe considering. The concept of limit has enough ambiguity 
■ -without Goj^jottndii^g this vagueness* with infinity!) The sequence 

' i S Q 17 , * • 

j(a.) ^, p ^, J^, ... on the other hand, seen^ to be approaching closer aji4 

AclQser to 1 e« n gets laxger and l^ger. We guess that this sequence hs^ 

' .' ' ' 

a limit, namely 1, and we write lim = 1. To interpret this statement, 

we tum naturally to differences which are suggested by the use of the com- 
paratives, closer and larger. When we assert tha"t the limit is 1,'iifoe .nean 

that the difference a - 1 caix be made as small as w desire by chq||«|c n 

n ^^^^^ 




sufficiently large • (The symbol ^ means only that regardless of v]|M»mber 
n we might specify, b.owever large, there are larger numbers/) We still have 
a rather vpgue and subjeclbive statement ^ ^ What 1b arbitrarily -small to one 
person or at one time may not be so small to another person or upon another 
occasion. Do we mean that " ^ 
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- l| <\01* '*.or la • l| < .00001*, or |a • l| < .OOOOQQI»t 

If indeed the latter is s^jhill enough to satisfy even the inbst BtnaU-minded ' 
person, then vhen n 2i^ the difference vUl he that small. Since 

\ = ; , la. - l| = and -jr < ,0000001 . It is important to note" . 

that for all n > 2k, stich as n ^ ^ or = lo8, the condition ■ 
\\ l| < .0000001 is also satisfied. But we shouldn't be involved in a 

discussion of Bmall-minded people, liet's broaden the discussion. Me 
recognize that smqllness is relative and that individual instances of small 
numbei^ do not suffice. To have* a proof ve must <trgue from a general, case. ' 
"Let UB consider [a^. - l| < € irtieretwe allow" € to be any,arbitr«rily small 

positivfe number; Since ve^knqv that la « l| ve recognize that ve 

can generate a difference less than any € byVaisi^ 2 to a suitable power, 
that is, by using a value of n suitably l^^e. .!Ebe particular, number n 
that is suitably large ne designate by H. Ve write n >'N, nhere the selection 
iDf M is dependent upon the choice of e . If |a^ - if " i^ to be l^ss tha^ 

, if also meafis is to be less tiian c'. To" determine a value of n 
that mates this statemeist true, we solve the inequality — < € for n. Thus 

k < <-:> i <?-^^ t^=^i- . . 

Mienever' n is giNsater than |, Tirtxich is a positive niinfljer ^enever - ♦ 

e <: 1 (Becall log 1 = O), the ineqxiality , \sl - i| < € is true, vajms -if . 
we let H =.| j^^ | j, we can assert that ja^. - ij < e for all .n >'N. 

In our proof, we a?*e not eonqpelled to demonstrate the smallest? ij. 
Consequently, since log 2 > .2, we know that 



» 



A particle ^.01 inches in ^ameter irritates your eye. ' * ^ 

*A particle .00001 inches in diameter can not be seen by the human eye. "* 

A particle .0000001 inches in diauieter is the ^nallest mass "discernible 
by an'electron microscope. 



Hence ve pan also assert that ja - l) < € for all n > vhere M ^ j5 log € 

The foregoing arguments constitute proofs'^ "because ve have a general ' ^ 

method for determining N for all possible choices of €. 

*• ' * " * 

Our s:batements» about € and IS have a geometric interpretation. Let us 

' . . 2^*V 1 * ' 

plot the members of {a ) wheye a = --^ on a number line. See Ilgure 

7 n ix ^n 

U-£?a» To avoid confusion ve label the points associated vlth the elements of 

2^ + 1 * 

.the %s^quence^ a i= by the symbols that represent th^m in the sequence* 

V 

I 1 — ^ ^ ^ ■ — . •. 



We see tKay^lor larger value's^'of n, 'the points cluster about 1. .When ve 
choose e ve establish an intervsQ. 



thaST: 



1-e 1+e 
— ' 0 : ' i 1 1 1 lo— 



• . * • 1 

( Jn our ^xamople ve actaaally are concerned vitlT the right-iiand half of the 

interval only even though the use of the absolute value *n9tation ja^ - ij < € 
allovs^both. ) *and then through our choice of* ve indicate the means of 
placing all terms a^ for > N vithin the intej^^'al^ The oholoe of specirWc 
€ may vary 'and^ accordingly, the choice of N must vary. By solvinff^f orj*^ N 
in terms hovevei;^ ve have the appropriate value for . IT '^-v^atever c may 

V ^e^ ^ ; . , ^ - * 

( -1 )^^^ 

Let us look at another sequence^ {a ) = U + ^" ^ — ^ Vfe have 

- % ^ ^ . 

* * 1 1 3 1 V 
5t W> ^3ij-^ .... In this c€ise; ve can guess that the li^'t of the 

" ^ 'setjuence is To prove this, ve must demonstrate N suc^i that - l^j < t 

. ^heijievej^ n > ^jjce ja - U| = — , ve have - < e vhich is equivalent to 

< n*^^^P)v if ve. let N = — , ve have completfed our proof that the limit is 

. ' Let us ijive a geometric int.eipretatjoni to these id^eas^ * . , 

» > - , ■ : - 

er|c- - . r ' ■■ sj • 



^IT we the oumbers (a^)*; ve have Elgwre 4«2fb, 



k-- 



i 



^ — ^ 



4- 



^ 5 i 



4- 



<^ 8 



H 



10 



1? 



Vhen ^* UBe the coordinalie plaiie, the staionent ja - ii-J. < €r*%taBllBhes an 
interval on the vertical axis and a cqpridor on the^plane^ ^ 



n 



k + 



i 



Figure l^-2c. * 



vhich Is Se in width. See Figure If-Sc.. Nov we must indicate a number ^ 



such that whenever n > a^ will be within the corxidor. Jtod we must 

ha able to produce this IT for any value <^ € whatsoever, The choice of N 

^atabliBhes the left hand boundaiy of' the corridor* -See Figure Jf-2d. .The 

values of € and N establish a closed corridor which contains all a 

t V ■ . ^ ^ - ^ n ' 

fbr n > Iff* Note- that any value such that i> 1, also establishes a 

closed corridor that contains dLl membera of the sequence f 6r n > N^* 



^ Figure k^2d. ^ 

J. ^* ~ ■ - • 

As mentioned "earlier, some sequences do not converge, For example, the 



ce 1, -1, 1, -1, 1, vheper a = C-1 



sequence i, -i, i, -J-, JL> vneper a = ^-jl) does not. There Is no 

number such that the difference^ ja^*- Lj is always less than some small 
positive number. ^ J* 

It is not quite so easy to see that sequence l + ^ + ^ + ^+ .». is 
divergent, The partial sums are ' * . 

. ■" Sg-'d + (i+ ... +g) >5(|) _ 

> s^g= (1 + .... ^» ^) +^ + + ^) > 

1 m * 

{Starting at ea^h member -4., vhere n Is a power of 2, that is n ^ 2 ^ 

each member in the* next block of 2*^ tei^ns, . . 



1 1 

- + __i — + . . . + 



■ ' " ' • ' 1 ' ■ 

will be greater than or equal to — ~ . Hence this %lock of terms is 

greater than or eqxxm. to * ^ 

, , ' > - 1 . , •' ■ 



Since there axe an infinite number of such blocks, the seq.uence has no limit 
and is therfefore divergent. 

» * 

We are ready to make an important definition. 

^SmmnW ^»>1 . ^ me sequeii^^ is^) is sard to have the number L 
as a limit 'vrtien n tends to infinity provided that for each posi- 
tive number e there corresponds an integer N such that 



js^ - l| <e .whenever n> "N. ' 



We vrite 



lim 

to , 



In our discussion of limits in this section, we have referred to "the 
limit" as tljjpugh it were tmique. Let us prove this now. 

THEOREM k^2 . If a sequence (a^) has a limit, it is unique. . . 



Proof * Suppose a sequence. has two distinct limjts ,and L^. Since 
is an interval. By choosing appropriate values for 



^1 ^^2> h' "2 



€^ and 6g we can create intervals centered on and that do not 



overlap. See Figure k-2e. 



h -*--^i 



-0 



n 



Figure l^-2e 
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Since Lj^ l8 a, limit, there is some ntaaber N^" such that ai;L memhers 

\* n > Hj^, mil "be in t^ie closed corridor created by the interval «nd K , 

Also there vill be another nxmiber such' that all members a^^ n > Ng^ 

vlll he in this second closed corridor, ^at about the members a vhen 

n > and n > N^?. It is impossihle for them to he-in*tvo disjoin^t corridors, 

irfus we have a contradiction of the hypothesis. a?wo distinct limits are 
iiDEpossible. \. ^ l^ 

Exercises 

1* * Decide vhich of the Nf ollowing, sequences converges* State the* limit if • 
^ the sequence^onyerges and prove the statement. 

(a) 0, 1, 0, 2, 0, 

^ (ci, -1, 2, -3^1^', -5, .... 

(d) 0.6, G.66, 0.666, 0.6666, ... 

, > o 5 8 11 . • 

^, — , ,^ ... . ♦ 

2. Decide what the limit is for each sequence given below. I^or the given 
^ €, find an integer N. 



(a) = 2 + ±, € = .01 
3. Find the sum of the series 

k + 2k + 1 k^ 



I 




^•3. Limit of a Function of a Continuous Variable 

' ' r 

Generally in the study of introductory calculus, we are not coneernefl 
wlt|i discrete functions' such as sequences although they haVe tremendous 
significance ±n^^mre^^f^^dr^^QGC^M§'^^^, ,We It&vel^^^uBeed the limits of 

^ \ . 

2, . 
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sequences^ however^ since they serve to Introduci rather nicely the concept 
of a limit of a function vhose doraain consists of all real nimhers throughout 
an Interval* iD^thongh ve have from the previous phapter one of the most 
significant limits in the entire realm of mathematics 

' . 11m ^ f (a) 

it is hetter to start with a simpler illustration^ one that we quickly grasp 
intidltlvea^* i ^ 

Suppose we have a function^ f ^ defined hy the equation y - 3x - 2* 
It is reasonahle to assert that y approaches 1^ as x approaches 2^ 
In other words, that y can he made to approximate k within any n^gln of 
error hy taking x sufficiently close to 2. We can paraphrase these state- 
mentip hy asserting that the limit of f (x), -as x tends to * 2^ Is k, and 
succinctly writing l| 

11m f (x) - ^ . ^ 
X — > 2 T 

We must note and he careful to rememher tljat this assertion is not the same as 

saying f (2) ^ Later on we shall discuss the Implleatlonft arising from 

the assertion 11m f(x) = 4, For the moment note that the e^qpresslon 

X — > 2 ' . 

mentioned above^ . * > 

fix) - f(a) X . 

— snriE * . 

does nbt have meaning when x = a, 

Sq ,f ar our statements do not provide the meccn^ of proving the aJsseVtions i 
to do this we must interpret the words "app3?oximate" and "close to" in tenns 
of differena^^s^\pr intervals on the number line* If we say that the values 
of* f(x) approac^JKJi, are Slose to k, or the limit f(x) := k, we mean 

that the difference |r(^t)^ k\ can be made less than € for each arbitrary 

V 

small positive number We ass^rb^that this difference <mn be made less ^ 

than € by using values of x sufficiently close ta 2, The phrase 
"sufficiently close^Jfc 2" is also Interpreted as a difference. -We assert 
ther^ is an interyal, 2-6<x<24'5, or equivalent ly |x - 2j < 6, such 
that any value of x within the interval, except for x 1^, will give a 
value for f (x) that lies within the interval k - ^ < f (xj < 4 + c. Note 



thaX ve nov have tvo dii||ances c And B to consider ♦ OJie number € is a 

measure of the range interval! it represents the margin of error. Olie number 

* 6 is a measure of the domain intervalj it represents the control of the. error. 

'Ill ^ "^H^ 

tl^lnequality k - t < f(x) < 4- e Can be 



Earlier 



interpreted as an interval on the number line or as a corridor on the plan^. 
Again this is Mgure 4-3a. ' 



f(x) J 




k ■ 






• 








> 




















— »^ 

X 






Figure k^^B-* 









Now the role of the^ interval, 2-5<x<2+6^'isto close off part of the 
^ corridor The interval, |x - 2j*<E^, must be^so chosen that it walls off 
all of the dcanain for which f(x) lies outside, the corridor. * , 

!Chink of jx - 2| < 6 as an interval on the x-axis producing a vertical 
corridor on the plane. See Pigur^ 4-3b. This second corridor, where it 



2-5 



2 + 6 
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Figure 14.3b - 

overlaps and closes off a part of the first corridor, |f{x) - \ \ <^€t 

I- 71 



See 



r 



Hgure U.3c. The graph of t for points -when 2.6<x<2 4-5 mxst He 
in the shaded rectangle. If ve draw the graph of f: x -r->.3x - 2 ajad 
establish^ an arbitrary corridor * 2€ In tfldth by choosing an Interval^ 
i^ . € < f (x) < + ^ \ 





1 • 
l^ + € 


• 




4 - 










> ■ ) 






1 2 ^ 6 


1 \ 


2 + 5 • 



Hgure i^-3c* 



|Oii the vertical axls^ ve observe -(d^^t/^the corridor intersects the graph at 
%vo points and P^* See ilgure l^-Sd, The vertical corridor must he so 



chd^en hy the proper designation of 5 tsttat this second co»idor intersectp 
the graph hetveen^polnts P^ and P^, Qee Mgure lv-3e* Note veil that the 





1| - € . / 


- \/ 

/ 1 

— A — I I 




y 2 ^ 1 





3x - 2 
Figure U-3d. 
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value of I 5 is tiependent upon the value chosen for 3ftie essence of any ^ 
dlscussi^ about limits Is the demonstration of the proper 5 to satisftr the 
conditions itocposed by a given Such a demonstration is the proof, of the 

assertioja Itm - 8) = ^. 

2\- ■;■ ^ ^ • ■ ■ ■ „ ; ;^ ■ 

Becall that in the study of geometry proofs vere writtdn down in a father 
rigid style* It voulcb he helpful to develop a framework or ©attexn for a 
^imit proof* Let us try* The steps of the proof are given Without eiiolosing 
themj the explanation of the procedure is enclosed in parenthesis* 



Step 1 



Oto prove: ^im (3x ^ ^) = 1^ 
X ~> 2 

Pxoof: Let 



If 



c > 0 
Caioose 6 ^ n 
0 < jx - 2| < 6, then 



j3x 2 - 4| 

(We have vritten dovn the assertic^ in*most succinct form and started our 
proof hy making a statement ahout e, noting that ve must make a choice^of 
% and putting down part of the first implication. This procedure, yhich we 
lahel Step 1, is quite mechanical. In Step 3j ve shall find a value for 6 
to he placed in the hox thus completing the hypothesis* ) > ^ 



Step 2 



(We have changed the f orm^ of the expression j3x * 2 - U | \ to *an equivalent 
form containing |x « sj. Since our hypothesis asserts "If )x - 2) <6", 
we can substitute, thus dhaiiging our equality to aij^ inequ^ity* We call 
this Step 2, ) ^« 

Step 3 |Choose 5 = ^ 

♦ 

(The most important moment in our proof comes when we i^cognize that we have 
progressed sufficiently in Step ^2 /to make a choice "of &♦ This choice we call 
Step 3^ We ian now return to SteJ^ 1, fill in the box, an4 thereby complete 
the hypojbhesis* ) . 



Step \ 



€ 

1 



. (We have made a choice of 6* 3!his choice substitute for 6 in the last 



line erf Step 2 and slnrplify* Tfiis thereby coicpletes the iintplications stwted 
in Step X and ve novr have a series of sttfps that sho^ ^*If 0 < |x - 2| < 
then j3x * 2 - Uj < e"* Since this is^ vhat ve are seeking to demonstrate, 
our proof is completed. SSiis final substitution and simplification -we cali 
Step k^) ' . 

€ 



Our conclusion that 5 



means that the vertical corridor is one-tJjird 



85 vite as the horizontal corridor in Figure i^-3e% We can also see that any 
other value for - 6 less* than ^ would define an appropriate closed corridor. 
Generally ve know that if a certain value of 5 will work for a given value* 
of €, then any smaller positive val^ of 5 yiH alsp work for this €^ 
and In like manner if a. certain value^tf" 5 vill work for a given value of / 
then this value of 5 vill work for any larger value of €• 



the following exaanples where we use the pattern given ehove, the steps 
are lahele<3|^ but the explanation Is omitted. Each exercise also displays an 
additional useful maneuver. 



"Eixample 1, If f : x — > -r- then prove that f (x) approaches .1 

1 + X ^ \ 

\ / as X tends^to 0*' /\ 



i 



Solution^ 



Step 1 



To prove:. 11m {-^ jy) - 1 

X — > 2 j! + X 

Proof Let e > 0 ^ 

Choose 6 = n 

If 0 < |x - 0| < 5, then |- 



1 + X 



- 1| 



1 1. - 1 - X 

= I—- 5- 

t • 1 + X 



X 



1 + X 



< X 



< 6 



FRir 



I 



(Wn-mTrT nnnnrt —v ■ ^ T f since the denominator, 1 + x , Is alvays greater 

?. *: . . .1 ^\ " ,. " , » 



than >L. ) . , y 

Wp 3 

.(We. have-not returned to'^ep 1, -filled in the box, and ccaiqpletid oxii- ^ 
hypothes,lB.^ ^formally this should be >done. ) 



i Choose 5"s "/c 



Step k 



If ve graph the equation y = ^, we obtain.Figure U«3f, 

\ 1 + X 



I 
4^ 




X 



t 



Figure k^3i. 



If ve new construct appropriate^ corridors so that 1 > € > ,0, ^ have Pigtrre 
k^3s vhich supports the implications about the size of 6 and € arising 
from the proof. 
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Remark : Ifce measure of the region tinder the curve and betveen the 
Atertlcal lin es x = 1 and x = -1 is |. We shaU iome hack to thla curve 
^en ve discuss , areas and again vhsn we evaluate it, 

, • ' " • / ■ • 

' Example £, Let us c<»isider a someidiat more conqplex prob!Lem. Consider 
the function f: — > x^, • . ' » j 



(1) Por values of \x close to 3, f(x) Is efl.ose to 9, 

(a) As X approaches 3, f(x) approaches 9.. " • 

(3) The difference jf^x) - 9) hecomes smaller as the difference |x - 
Is made smaller. 

(k) As X approaches 3, the limit f(x) equals 9. 

(5) iimf(x) =9 

~ 3 - : - ^ 

All of these statements paraphrase the same fact; all of them are proven in 
the S£uae manner. , - 



Step 1 



I 



^SCo prove: lim (x ) =:9 
X — 

Proof: y Let 

I. 

" Choose . 5 = smaller Q , [] 

If^^O < |x - 3| < 5, then jx^ - 9| 
I 



Step 2 ' . ( - + 3)(x - 3)1 

(<-|(x 4-3)61- ^ 

(It is not clear as yet vhat value we should choope«for 6. If we add the 
hypothesis that 0 < |x - 3| < 1, which is ■ reasonable since we normally are 
considering x close to 3, then It follows that x <k and that 
|x + 3| < 7. We add this to the original hypothesis and create an option for 
the choice of 5 . Now if |x + 3| < 7, then |(x + 3)5| < 76.) 

I Choose 6 = 1 



3 { ^ whichever Is smaller 

7 



f C!hoose 6 = s> 



Step k 



Er|c , 76 6"J 



' Figure ^^~3h illustafates the situation -when 6 is -smaller than 



I 
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Hgure. 4-3h. 



Example U. For our final exanrple, let- us return to the ^rohlem of the 
■ — — — -» , . , ■ , ,. ^ I; 

derivative mentioned at the hegiiming of this section. . Prove that l/hen 

f; X — ^> x\ then f'(x) = 2x, 

Solution^ . - 



Step 1 



. ^ f(x) ^ ^(^) ^ vhen f(x) = 




(x -i- a)(x -> a) / 2^ 
X - a * 



Step 2 



fjff:^ |x + a - 2x| 



step 3 , ^\ Choose 6 = e 

^ ^Stej^-V— ^ ^ < € ^ — --^ — — QrSi©; — — 

We conclude this section vlth a formal definition of ^ limit of a 



function. 



DEFINI!PIQH k^2. TtiQ liinit, as x approaches ^a, of f (x) is L if 
to each t > 0 there corresponds a 6 > 0 such jbhat |f(x)»- Lj < € 
vhenever 0 < |x aj < 6. 



• ^ Exercises 4^3 ^^ 

. 1. Paraphrase each of <the folloving. statements in two alternate manners . 

> , r 

(a) If f(x) = 2x + 5, then f(x) approacAes 15, as»x approaches 

5. ■ ■ ■ , ^ ^•-..-1— J,.. _ 

\t) The limit of at x = 1 is 1, " i ; 

(c) * As h * gets closer to zero, 1^en . " gets closer to - 

(d) As the difference \x - a| ^approaches^zero, then the quotient 
:^x> > f(a) approaches f^x). 



X - a 

4?* 



I 
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^ Ch|gt|r 3, soma .rules for finding derivatives were developed that are 
' eacbreiaeli^^^j;. ©leyVe not tjomplete, howev^ir* ,ind they do. not show us how 
""^^'diffej^p^^e the composite f>4ncti^^ , » 

mathematijps. B>r exaa^e, ccpsider the' foliowin« .problem: . huildings stand 
" ' oa^ippoeite sides, oJr a street U8 fee\ wide. . A Wall, * dropped o\xt of a.wiiidqw 
9f pne*huil^n^, falls a distance of - l6t^- feet in * • secojids. In the 
second huilding an observer is watching ffrom another window at the , fane height. 

• At what rate is the distance of the1)aLi from tlje* observer increasing twO 

• • seconds after the ball is dropped? ; . _ 

: ^ The distance, e, /s found by using a right triangle. See Figure 5-la. * 



^ » » 




1 



A- 



Figure ^-la* 



" From the t^hagorean Theorem s = 7(l6t ) '+ \8^ and, accordingly, 

.: . vri-%e s'^ f(t). !I?ius the r^te of cjmnge ia^thfe distance 'wfeen t ^ 2 ,^111 
be' f»(2) Con*utifi« f'(2) from the expression , . - ' 

. ♦ . . , ,iim - .r^- — <^ . \ , > J* - " \ 

-would be,,q,uitre difficuit to^say the least." Bi^' f (t) km be expressed: in the 



'<^-where 'u.'^ h(€) «.256t^ + 1^ g(u) = The derivatives h»(t) anCC ' 

• - '-g^tu) are easil^ de1?ermined by Tules already learned Thus ve Jiave a. 

^\ ques^ioci: we* somehow-, through our jtnowleage of- tHe derivatives of h and ,, 

g, compute t>ie (derivative of the cdmposite of these two functions. Ikartunately 
we have vJust such.; a rulfe called the. "Chain Rul|".for reasons that will he • « 
efisilv seeii' and it will ;prwe to he extraordinarily helpful. ^ ' ' ' 



^ 



5*2. The Chain Bulr 



4 



tt will lielp in understandings the proof of *the fop.owing theorem if' we . 
• recall that, hj^'^jlefinitit on, 'the derivative is equal, to the 'limit of the . . 
^ d^^ffereno^ quoti.ent, or hefore the limit procesie is applied, approximately 
' to the difference qucrbient. 1ft the. derivative <k a fVi^ctioh f exists - 

at point "then ' 



. V- y t . . , . . 



If we let 



^ , ^(t) = for /y/b, n(y);->b as! 

~r-> b. If we atso define n(y) = 0 when y = b, it follows that n is 
contiiauous at Thus ' . * * . * 

- ; ' ' ; ^ * . * ^ * * 

. ^ ^ f(y) - - r(l>)(y - b) f n(y)(y^ h)^ . ^ 

^Tiolds for » both *y h and^ y ^ b. We make use of this equation In the proof. ^ 
/of the folloving theorem. ^ */ ^ 

■ THEQRM 'sappose ^g«(a) ^^d .f' [g(a)3 pxist.-^Letl F(x) = f [g(x)J. • 

,\ Then F'(a)' eslsts and . pf(a) f ' [g(a)] ' g« (a)". 

Proof . Let y = g(x) and b = g(a). Thus \ ' ■ 

/ .^^ >(x^^ f[g{x)] . f[ka)3 -^f(y) - f(b). ^ 

Then [6e^ paragraph above^,for definition of n(y)] . * * , * 

\F(x)' -;F(a).= f(^)(y -.b) + ri(y)(y - b) for ^y b . - 

and n(y) 2= f) for y = b. DiVJ.ding by x - a, we have , , • 



X - a ^ /x - a 'X - a ^ 

Nov, kccortiing to Theorem ^ ^ * ^ / 

^ ^ '^•^ 

. ^ ^^^^> - ^(^) . rM ^ lim n(y)- " 11m 

. Hove ye r , 



• V — \. \ • ^ X — •> a 

^ . . . • llm .n(y)"= lim n(y> n^b) = 0. *. 

■ % y ^> 0 ■ ^ , • • ■ - 

.X — ^> a , - 

" ' ' ' . ' -• - - - ' ■ ■ ■ ' ■ ■, * 

Remark ; Although the notation is- carelei^ in that the hypothesis is not 
sufficiently esqilictt, the Chaii»"«ule . can be^ expressed , in alternate notations 
. .which ore useful wlien doing problems. ^For es^anrple, if y = g(u) and u = h(x), 

* then y = t(fx) whefe^ f is a'ccanposite function, 'Accordingly we write || 

* ' f'(x) = g»(u) . hHxj 

^The choice of notation can vary, or couuse. For exanrple, if s = g(v) and ; 

* V ^ k(t), then s ^ f(t) ivn<l ^ » . 

iVCa)'"-^ [k(a)J • k^a) . V . ' ' 

» ■ . • • . . . , * 

Wt- write . fit) = ^-fv) --k'Ct) -. , ^ 

or *■ . . * O^a = D s • D. v . 

- > t .V. t • ^ 

Example 1.^ f^iftd^the dferlvali^vo D y, < given that , 

• * y « (3x^ + X + ly . . 

floVe that' this problem can be handled without using the Chain Rule by^ 
expanding the brlnomi'aa to the fifth power and dif:^erentiating term >-y term. 



^ • . ^ ^1 -Qe 
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To dp this' will imequi vocally demonstrate the powei- o$ the Chain Rule. 
Solut'ion* We observe that ve have an equation of the form 



vhere 



u = 3x + X + 1 . 



Adopting the notation lased la the note above, ye have 
^ S.(u)i= 



.and 



h<x) = 3x^ +'x + 1 . 



and 



h' (x) 6x + 1 , 



ISxamplo ;PirKl the 'lirivai^lve fM^c}> *jiv vti ^^'u*: , 

f: X,— > f(x) ^ t6x^' + 1 

* y— J*; — — j5 

llolution. Le t X. f(x) ^ /jx* 1 . If uo, ».'onr.iaei^ v:k" K 1^ 

y - \\ *^ . Xn term.': of our ijr^rlier lo tuition, th1« ir:f\iar. that hf::) - 3x'^ 

^ llcncc wo hnye 



•whi^ih Uccomf when we substittite for u, rf./jirm«lo wJ simplify. 



- f»(x) = 



' t^xomple 3. Find f'(x), givfen that 



.Tolution. Let g(u) - vT and h(x) = -—T* h'(x), we rauBt 



2 



^ apply our quotiewt rule . Thufj wo have _ 

Also we have ^ . ' 

g'(ia) Gar ^ - 

■', . - \ t " ■ 
Applying the C!hain Rule, ve obtain 



Substituting .h(,x) for 'U and' sinrplifying, we have 

12 ^11' 
(x + 1) 

Now,ve are ready to coniplete the problem jbhat vas^ used to introduce Section 
5rl.* , ^ - * ^ I ^ ?^ • 

' ^c^le4. Let f(t) = yfl6?FTS? , . find>f'(2). 

Solution, consider *u> 256x +.23Qh Bxt^ y*= -/u , Then D u = 102Ux 
and D Y = iu-^/^. Heitce D v = {ha'^/^)il02k7?) = ^^^^ ' . 
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'Substituting X « 2, we have t'(2)^%,2 feet/eecond.* 

%>Te of the power of. the Chain Rule (and the appropriateness of the name) 
vlli be revealed in the following extension. Consider D f [g(h{x))], if we- 

lot : (x) a g{h(x)), then, according to OSieorem 5-1, we" have " , 

* J3/[g{h(x))] = D f[s(^)] = f'[s(x)]. bV(x) . 

p(x) is, a' ccMposlt^i function. Accordingly ^ *^ 

*s'(x) = gUh(x)) .,h'(x) . 

By substitution we have 



-A 

D/[g{h(3^))3-= f [g{hfocj}] .g' (h(x)) . h'(x) . 
If ve Mve three defining equations Qf the form y« ^ f(v), v = h(u), and 



^ - g(^)> then we write* 

ExaWle 5. Und .Dv, if y =' vf^L-i-l)^ . 



^ Solution ,' Let y = V^i , u « v^, and v ^ ^ , Then D y = iu," « , 

2 • xf2xl (x + l) ' * " - • * ' 

ly^ = 3v , and D^v = ■ > L the extended Chain Rule, we hdve . 



^1 



„ 3(x ^ i)(x^ 4. ir 



X 



O " » . . 
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Exercises 5-2 



\ 1. . Find Dj^y In each of the follofwlng «^ 

(a) y«(3x^ + lf ' / 

(b) y.^wmv 



i 
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. inBAGKER'S COMMEaSITAEI 

\ Chapter 3 . * 

5BDE DiBRIVATIVE ♦ 

3-1, A Problem (Ihtrodyictlon) 

One of the tvo tasic icLeas of the 'elemeijiary calculus is "derivative." 
It is easy to appreciate this idea 4ntultive^ and know|rhy it is useful 
before foiniulating it precisely, -ftere we consider this %3ba as it arises in 
the solution of a specific problem. • 

'She purpose of -ttiis chapter la to polish and extend the concept of the 
dyfei«Ace" quotient. We finally arrived at a meaningful definition and useful 
fomiulas for the derivative. Tl^^ difference quotient is a ratio vhose 
dencaninator ia the cl^ff erence be^een, tvo elements of a domain and whose 
numerator ie the difference betwe^ the corresponding, values of the range. Use 
of the word ratio is well advised since one fnterpretation of a difference 
quotient will be as a rat». ^ chajjge. * , 

As indicated ih the preface/ the text insofar as possible is problem 
^«ivated^ Here, as ^ begin the study of 'the derivative, a familiar problem 
'is -explored at length/ By doing this we seek to give the student, an overall 
point of view and ^o instill an -appreciation of the approach a mathematician 
takes when attacking a problem. • 

This lAtrodOtetion ^should be rftad and discussed briefly. Ohe more the 
aDDetite is -whetted" the better, but do not bog down eacplanation. The 
next several chapters are* devoted to this task. 




.... ^ - . • ' 

Numerical Computation of S lop^ • ' Hk ' 
. 1^ 

t is intended* that the' following three important ideas be emphasized 

throughout this computational exercitation ^ {X) approximation of slope, 

j( 2) "llne^ approximation,* and <3) method of approximation.^ 

(I) Unless* the student has studied thfe section on tangents to graphs 
• * ' S<jf polynomials in SMSG Elementary Functions or the equivalent, 

^ * ... * • ' 87 9') 



hXfi experience d3,ctates that sloipe is a number deecrlMng ' • 
the constant rise over run of a stra^lght iine. Here he ' 
must feel comf ortahle vith the ass-unrption that the direction 
• v^f a curve at a point can "be described by a straight line 
.approQcimatlon. ^ ^ 

(8)^ .penceforward "best linear approximation" ^d "tangent line'** 
. mfty be used^ interchangeably. • 

(3) We tSce- points, successively dloser to and on either side of 
the, point under consideration.. A lengthy discussion of a ; 
possible inflection point vhere the tangent line 'passes 
i^hrough" the curve is intentionally postponed. Olhis toilc ' 
will be handled ^thoroughly in a trealaaent of concavity with. 

\ • regard to curve tracing (Sectibn 6-2) after a sttt^dy of higher^ I 

order derivatives (Section 5-§). In Jihe example c^' this' . 
section we can safe^^ use ^the "squeeze" method of Successive \ 
approximations since "it tangibly sugges^ts the limit of the 

^ difference quotient. In "squeezing'^ l&ie" slope of the tangent 

between two numbers very close together. We allude to the 
intuitively appealing "flyswatter" (or "sandwich") theorem. 

Thfe "flyswatter" ptocess* (used in this text as . early as Section 1-1 ) has 
been employed significantly by mathematicians .Over t^Jie years. Because of Its 
import in the development of this text, we submit here Theorem 4-4g (the 
flysvatter*' theorem), the proof of vhich appears In Chapter of the student 
text* . • » * : 

THEOREM U-lj-g . Suppose that for &ome sVo, g(u)>< f(u) < h(u) - 

for 0 < |u - aj < s. Further suppose that 11m jA(u)'= L « 
' u*— >a^ 

and lira h(u) = L. Then we can jionclude 11m f(u) = L. 
u — •> a . j4 u — r.> a 

Before leaving this ccanputatlonal section (the students concurring 

- - .jT* ' . 

wholeheartedly with the authors' second sentence^in Section 3-2), a small 

positive statement about , "t" ' is advisable. Although the clause 'Hrtiere c 

represents any small .pOB||;ive number arbitrarily chosen" appears, only once 'in 

Section 3«1, the clause is Implied each time that ^ is used, Whereks no * 



88 



9Z 




editor woulM stand for monotonous repetition of this clause in a text, the 
teeu:her' might find that ar^ calories eoqpended in this pursuit will be 
•3* U.^s.well npent upon arrival at the marriage of e BXid 5 in Chapter 
1^.^ We propose to have the student ^^eep his eye on the epsllon,*' that is, he 
.concerned with ja. chaa^e sin f(x) without worrying initially about a change in 



3-3* The Slope Function for y « x 

The tpllowl^ng three ideas chould be emphasized in this section: *(l) 
rule can be formulated for giving the cJLope of the function and of the 

general type x , (^) the mle ^'or slope itself constitutes-^a new function, 
and (3) the functions wlth^which ve are currently dealing have. sm9oth graphs 
with no breaks* ^' ^ 1 , 

(1) ^The so called "pbwrer rule" which Is derived here is treated ' 

more cctoletely with d broader basi% for application in 
"Section 5-2* ^ 

(2) ' It is iniport.ant f or the work, that follows (immediately and 

\ later .in antid;tff^i'e^tiatioA) that the student thirik of the 

slope- of .a given fuiiction as a function itself. It would be 
time well spent, if the stiident were; required to graph the . 
» \ • slope fu/ictlons of many early functions he examines . The . 

graph of the slope function of a given function can be used^ 
as a suiranary interpretation of . the rate of change of the ^jjjgj^ 
^ , given functl^nv ♦ 

^(3) in the wo3c1c of this section the student is reminded that ' • 

the curves under consideration have no "jumps or breaks.", ' ^ 
3to suggest reasons for these stipulations the teacher may 
* * wish to subml^t some counter exampletf where the slope cannot 

be found at a certain point. For example tihe functions 

F: X > — and'. jG: x -"^>— - are di^ontlnuous at , 

X X 

■ 2 ' ' ' 

X — 1 ♦ * 

X 0 and H: x — > u- has^a "hole'*, at x ^1. ^ * 



Conse^ently no slope exists ht a point which doesn^t 

* , -» - ^ 
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exist* Illustrative oiP curves that have sharp '^comers'* 
aire graphs of the functions f : x — > |xj^ g: x — > x s^ 
.and h: x — -> |U - x The slope is not defined at (<J),0) 
for f and g nor at (-2^0) and (2,0) for h.. 

Before going on ve propose an exercise vhich ttie student can handle at 
this points - Having heen'led through this problem he will have '^discovered" 
the slope function of f : V/x — ^> jxj)w and may feel content that he has done 
some amateur analysis • After first, requiring him to sketch separate graphs 

for f: x'— :i |x4 and (|): x — > -^^^ pose the following questions. 

* % (a) Ifttxat is' the slope of the graph of * f: x — t> )x| ^or x > 0? ^ 
for X <^0? 

(h) What is ttte range of 4: x — > for X > 0? for x < 0? 

(c) Bnrploylng your'concluslcms from (a), graph the slope function 
f*, where ft X — > |x| for x > 0 and x < 0» 

(d) Compare the* graph of the slope function f V with the graph d£ 
the function (j): x* — > J^i^ l*iatf^does geometric evidence 
suggest regarding the identity of the slope flanction of |xj? * 

»3-rH. The Velooity Function • 

In this section we propose to build upon the student *s previously 
acquired notions regarding velocity and speed. His experience^ however^ 
probably does not dictate a distinction between velocity pnd speeds S^eed Is 
the absolute value of velocity. - 

Our prlmaiy aim begin to relate velocity and 'the slope function, we . 
submit he^ a supplementary section TC 3^h. This addendum may be used to lead 
the student through some restricted* analysis of the velocity funption within 
the framework of an elementary problem. Besides the basic problem, there are 
two sets of related exercises ♦ Exercises TC 3-^(a) may be employed to. 
motivate some of the ideas In Section 3-^, while exercises TC 3-^(b) may well 
be postponed until Section 3-5 has been studied. 



T(f 3-li(ay. An Elementary Projectile Rroblem 



Let us assiame that a pellet- is pijojected straight* Up and after a vhile 



cbnes straight dawn via the saiae vertical path to the place on the ground 
from vhichr it was launched* After ^t Weconds the pellet is s feet above 
the ground, ^Some ordered pairs of the form (t^s) are given in the following 
table* ' 



Table 



t' 


0, 


1 


2 


3 




, -5 * 


6 


7 


8 


9 


10 ' 




0 


Ikk- 


256 


336 


3a 


1^00 




336 






; 0 



We shall, intentionally avoid certain physical considerations such as air 
resistance* Moreover,' %fe shall deal vlth "nice, round" numbers rather than / 
quantities measured to some prescribed degree of accuracy which might arise 
from the data of an actual pafc^ectlle problem in engineering* the exercises 
that follow o\xr attention will be directed to certain mathematical principles, 
particlalarly basic ctoncepts of differentiation^* ^ 



TC 3-^(a) Exercises 



1. Interpolate from the data given to determine . the height of th^ projectile 
after eight and nine second^ respectively. (Guess, using symmetry aS 
your guide*) Does extrapolation to find valxies of s tor t = -1 or 

t = 11 make sense on , physical grounds? After how many seconds does 
the projectile egppear to ,have reacl^d its maximum height? What seems 
to be the maximum height? ' 

2. Itoes s appear to be a function of t? Wiat is probably the domain 
of t? What seen^ to be the raSg&"T>f '^1^ * • 

3* If we were to plot a graph of s ^ f(t), * \. 

(a) is it fclausible on physical grounds to restrict our graph, to the 
first quadrant? 

♦(b) does the data suggest that the scale on the s-axis (vertical) should, 
be the same the scale on the t^-axir (horizontal)? 



k. Keeping in mind Jl^ur responses to exercise 3, plot the ordered ^rs 
(t,s) f rear the table. Oolmect, the points vith a smooth "cvCrve, What 
is the name of the fUn^lon suggested hy the graph? 'On physical grounds 
ia it feasible that thej^e -would he a real value of s ' for every real 
number assigned to|^ over tlie interval 0 <^t < 10? Were we probably , 
justified in connecting the points? • 

5. Assuming that the equati<^nr s = f(t) = at + bt + c was used to develop 
Table 3-3, find values fior^onstants a, b, and c. 

6. Sketch the graph of {(t,s)f^ s = l60t ^ l6t^]n{(t,s): 0 < t < 10}. 
Using a more careftilly plotted graph of the above set, connect the point 
where t^ 1 vith the point vherp t ^ 2 witJi a secant line» MlhaX is 
the slope of this secant? Drav tangent^to the curve at t t= i and 

t ^ 2, and estimated their slopes from your graph. - . * 

7* If the, units of s are feet and the units of t are seconds, "what are ^ , 
the units of sl,ope? What word is coQuaonly Associated with this ratio o* 
pnitc? Wiat would y6u guess are the physical interpretations of posi4iy^, 
zero, &nd negative values of this ratio? 7^. - 



8* Draw the graph of , v = l60 - 32t over the interval 0 < t < 10* Oompare 
the. values of v/ for t = 1 and t ^ 2 respectively with your . . . ^ 
estimated; for jftie slopes of tangents* to the graph of 's l60t -*;i36t - \ 
in exercise^. ^ ^ * ^ 

5* Average tlve values of v for t ^ 1 and t ^ 2 and compare *hls s ^ 
average with the slope of the secant c6nnecting the points where t ^ 1 - ^ 
and t = 2 in exercise 6* ' ^ . 

10. If the unite* of v are ft/sec and the units of t are "Seconds, whaj; ^ 
are the units qf the slope of% the line y ~.^l6o - 32t? ::^bX word frcAs, 
physics is ccaamonly associated with this ratio of units?^ Does the Mnus 
nign along with the particular numerical value of this slope have any 
apeuial connotation from your experience? ^ * ^ ^ 



3-^(^0- Nfore About the Elementary Projectile Problem 

^ The preceding exercises were intended tq'motivfite a consideration of 
* 'certain relationships between a function, it-s graph, its jrate of change,. and 
the grapA of its rate of c]i^e, within the -restricted 'framework of an 

erIc • ■ • '^'5 . ' 
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'elementary physical problem. Let us now consider ^e same problem in more . 
. depth, ■ * < ' 

' • IJie projectile is fired vertically from the ground so tbat arBer t 
' second^ its distance s from the ground is given by "the eq.Uation^ - 

„ ♦ \ • f (1>») = l6ot - a6t^. . ' 

. Since the height of the projectile ^epends upon the nymber of seconfls, ^we ^ 
' 'shall regard distance as a function of time,- Since the range of this function 

is restrictld\o s> 0 because of physical condition, .the domain is, • .. 

0 < t < 10, ' . , V . \ . 

* The ^physical basis of the problem sh9uld convince; us that we can graph 
the parlbol^a s .= l60t - l6t^ in the first quadrant as ^ continuous 'funfctiop, 
since for each "split- sedond" of time there, is a corresponaing height. However, 
we*should keep in mind that while the grajph of s «-f(t) is/ parabolic, Jthe ^' , 
projectile" itself ascends^ and ^«ends in a straight vertical path. We should^ , 
not confuse *the path of theWd^ctile with the graph ^T.ts distance fwnction. 

. . ' ' \ • • J ^ ^ • 

* A graphical representation of Vverage velocity from t^ to ^t^ seconds 

• is. the, slope a^fi se\:ant line connecMng the point (t^,8^) with the* point ^ 
' (t .8 ) .. on the graph of s'^^Ct). Instantaneous .velo'cityjk or the yeloci-^y ,* 

at a particular time t, is equal to the slope 'oF a tangent to the,',graph of . 
s = f(t) .a$ the point -(t^,s^). OSius velocity is interpreted as-^j^Ue/rtan 

of a^^traigbt Ufae with omits &>/£.eo: ' ^ ^ • . 

For this example it is true that the numerical average' of the instantaneous 
velocities at t^ a»<3^iB^2 same as the average velocity from n^ .^ to : 

t* However, we %hould not be too quiclc to generalize^ to other .velocity 

problems^ ' * ^ * * . . 

Fyom an. examination of the tangent^ s to the parabolic graph of 
^ - f (t) we observe that a^' different points' the tangents have different 

, *^"lfcffly a beautiful theory has vbeen 'shot down* by an ugly fact." :^ 
Por example, a motorist* traveling from Candlestick Payk to Dodger Stadium- 
at an average rate -of '6o 'miles per hour and Returning over < the shme , 
route aCan. average rate of 30 miles .per hour does noV average iv5 miles 
»'^per hoiLT for the entire Journey, . . . , » " ' ! 

• • \ ' — 
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slopes. ^ The fact that the slope of f (t) is dependent upon th^ value of t 
Is concrete eyideQce that tlxjs slope is itself a function of t, The physical 
counterpart of this* inference for our problem is that .velo6ity^ as' veil as 
distance, is a function of time. On the basis of this intuitive argument 
shall define instantaneous -velocity as tlj^e slope function or derivative, . 
f^Ct),^o:C the distance function s f(t)., - ^ ' 



V = s' f'(t) 



^ ♦ I,et us now find^th^ derivative of the function f(t) = l6ot l6t% 
consulting the graph of s = f (t) for a^gsometric interpretation ♦of pur" 
procedure. See Figui^e TC 3-3(h). shall consider the liinlf as h japppoaches 
zero h^re as an alternate to the difference quotient limit technique. * 



s = l6ot^ i6t^ 




10 t in Beconli#* 



Figure TC. 3-^ b} 



•• ' . f(t) 160* - i6t ^ 

^ . / f(t + h) » l6o(t + h) -♦l6tt + h) 
^ ' . . = i6ot + l60h - l6t^ - 32ht - 

^ f (t + h*) - f (t) = l6ati - 32ht - 

f(t,-i.^) ■ f(t> ^ 32^; 

n . ~ « 

h veiy small, . I60 - 32t - l6h » 160 - 32t 

Finally, » lim . I60 - 32t - l6h = 160 - 32t , 

h — > 0 > * ' 




.IV f(t-^ hO ■ f(t) ^.^^^ 3^ 
h — ^> 0 



By definition lim + h) > f(t) ^ ^.^^^^ • 

Therefore, . ^ f I60 - 32t 

Consequently, * v = l6o - 3^ 



Exercises TC 3-^(1^) *i * * 

^ . ^ / . 

; !• Graph the function v^^ l6o - 3^ over -the^ interval^ 0 < t < 10. . 

2y^ (a) What is the v-interbept of the fuit/^tion v = l60 - 32t? 

(h) What is the slope of the tangent tp the graph of s = l6op - l6t^ 

at the point vhere \t = 0? 
(p) What is the initial velocity, v^, of our projectile^ 

' 3* ^ What is the average velocity of the projectile Between: * 

(a) The first and second seconds of flight? * ^ 

(h) The ei^th and ninth seconds of flight? 

k% (a.) Wiat is Y when t - 10? . ' 

. (b) What is-the 'iiirpact velocity of the projectile?- 

5, After six seconds of flight: • 

(a) What is the height of the projectile above the ground? 
(h)' What 'is the total" distspafee traveled by the prpjectile?' 
(c) ^What is the velocity of the projectile? 
, (d) Is the projectile e^cending or descending?^ 



6/ Explain the dlffereince in sl&a iDetween your two ansvers for exercise 3 
and between the initial velocity and* impact velocity, 

?• j(a) Vhat is the t-intercept of the function v l6o -^SStf 
(vb) For what value of * t is^he tangent line to the graph of 
s l6ot - iGt horiaonta^? *^ 

(c) , After how many seconds of flight does the projectile appear to 

"stop for^an instant" hefore descending? 

(d) How many seconds hpive e^qpired when the projectile reaches its 
maximum height? . » . ^ 

^ (e) What Is the maximum height attained *by the projectile? * 

k * ~ * 

8. (a) If V = s'^= f'(£) = l6o - 32t and a'=* v' = f"(t)> find a. 
(h) littiat is the "rate of chajige of the rate of cjiange" (acceleration 
or deceleration) of th^ ^distance function s ^ f(t;)? 
* (c) What kind of a function is a? Sketch it. 

(d). Taking into account the sign and numerical value of a together 
with the physioal properties of thiB problem^ what is your inter- 
pretation of a? , 



9. 



10. 



(c 

(a 
(c 



Shade the area given {(t,ot): >32 < a< 0)Ci(%a)z 0 < t < 5). 
Hov maily square units of area have been shaded? 
Is this number* of square unitp Numerically the same as your 
answers for exercise 2? 

♦ 

Shade the area given by {(t,v): 0 < v < l6o - 32t)n{(t,v): ♦t > 0). 
How many square units of area have been shaded? 
''Is .this number of square units numerically th^ same as your last 
answer for exercise seven? ^ 



After the student has studied the chapter on the definite integral, he 
might be asked to return to this set of "exercises and explain his atnswers 



ror^part c of exercises 9 ' and 10. 



3-5* The Derivative ^ . , _ * • • - 

-^We hav^^discussed two Interpretations of the derivative , slope and 
velocity. We*^aw that ip every case afBlqpe function or a velocity ^function 



\ v^' derived from Bome Initially considered Action;: Soon ve shall vlsh^to* 
point out tKat the process of binding the derivative is called dlfferen-^iatlony 
since it involves taking the differences f(x) - f(a) and ,3C - a. In 
Chapter 1 ve made the following b talent. . "Employing the notion of . . - 

• differences to.r^ach'i useful definition of the word Uiiilf proves to be very 
fruitful, aB ve shall see." Indeed ve shall see this veiy shortly as ve 

• define limit .formally' 1?- Chapter But* at this -point ve axe in a position 
''to make the extension^ from ^the difference quotient vlth its geometric counter.- 
"part ^:o the definition of derivative. Because this transition is so important 

wei outline here.(a?C 3-5, .Hie Derivative) a supplement to the content of , 
Section 3-5' vhlch Incorporates the principal ideas of the entlre^ch^r. ^ 



TC 3-5 . ^hie fte rlvatlve • 
a* Geome tric Interpretation 

Let P = la,f(a)J and 
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p = (a-^^(a)) and* i = ^x,f(x>^ ' he t^o points on the 
•graph of y = f(xj. The slope of PQ ' is given by • ■ 



• • - f(-x) - f(a) . ^, s 

If F(x) approaches a limit >hs x —> a, we shall call this limit 
the derivative of S at a and dendte U by the symbol f'(a). 
Geometrically, 'f'(a) ^represents the slope of the tangent to the 

" graph drawn at th^ poijit P. . <• 

i . " • ■ . ' ., . 

h. A Working Definition 

~ The /^-unction f is said to have the derivative, f'(a), at 
a, if / ^ 

f(x) -• £(a) g^pproaches f'(a)' as • x approaches a. 



A Useful Fom \, 



We have 



vii'tien " ^^^^ - f(a) ^ j.^^) where' x^ a. 



X - a 



By definition f'(a) = 11m F(x) 

X — > a . 



. "if we supplement (1) by the agreement that F(a)= f'(ah F 
IS defined for all values oh x fn the domain o*f f ,and ^ 
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(1) 



continuous at ' x = a. We may write • t • 
• . \ fC-x) - f(ft) + (x .•a)F(x)\ . - . ^ 

^ Since equation (?) holds ^'or x = a as well as x*V 'a,*'^' we "can 
employ it in more situations than equal^on (l)j - ^ 

Error of Linear Approximation ... ^ , . 

Let uc compare equation ''(?)^ vhich represents the curve,* with 
the linear equation . , . 

* « 

■g(x) = f(a) + .fta.)(x a) ^ * ^ 

which represents, the tangent to the .curve jit x = ^. ' uie two 
.equations -differ in only one ;^espect' ' In equation (2)' the 
cofxtficient of (x - a) is F(x*), wi^reas in eq^jatic^n (3) it 
is f'(a). Subtracting '(3) from. ^(2) we obtain 

f(x) - g(x) = fF(x)'-.f'(a>](x - a^. 

. Let us call this difference' ti(x), where r.Cx) represent!? the » 
error. committed in using lii^ear g bo approximate the f curve. 
That is, ^ , V » 

- • .Ti(xj = [F(x) - f»(^)]{x - a). ^7 

Dividing both sides of by -(x - a) we have, 

P(x) - f*(a) ' — > 0^ a?£? X — ^> a, wo may choose x 



Since ^^"^ 



X - a 



^ cuff icicntiy clor^e to a so that the error of linear approximation 
is an arbitrarily small fraction of x a. 

I 

. Notation for the Derivative * 

>With an. ooviouG profcrcncfc for tjlfe derinition of th(.: derivative' 
of f at a as bhe limit of a difference quotient, namely 

lim ^/^^ - ^^•^) 
X _> a ^ - ' ' ' X 

the authors feel that it ir. important for the ctudcnt to recognise 
and become facile with other forms. For example, if ve use variable 
"notaljion where y = f(x), the following should have essybntijilly * 
.the came meaning. ^ i 
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lim f (x) + 'Ax) - f (x) 
. . . 'Ax — > 0 ' ^ . ■ 

... ' . lim ' % ' 

I . ■ .' ■ ^' ; ■ ■ ■ . • 

The derivative fwictidn iaay "be noted as f * or D^v 

dy 

Notice that ve have omitted the quotient from ^ for now. 
This omission is 'intentional. We feel that I't is advisably to 
avoid this quotient form here because ve want the students'* 
attentibn to be focused xxpon the fact that the word "derivative" 
is used at once as a function and a ilmlt . To appreciate the 
significaace oi^ the ^ notation the student must be able to 
understand differentials . Diff.erentials are postponed until 
Section 6-6^ where the increments Ziy and Ax: . are discussed in 
sophisticated context of approximations, * 
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PART B 



1 , ' 



ERIC 



The Ba6ls for the Decision to Recoygmend an 
SMSG Calculus Text 



!I3ie fi>r^t task of our writing team vas to examine existixSg calculus books 
to determine iirtiether there already existed an adequate number of calculus texts 
meeting the ^desired objective. This objebtive is to provide for high school 
stu^nts with ninth- and eleventh-grade SMBG background a one-year calclulus . 
couirse vhich wou3-0f enable them to receive credit for one year of calculus ^upon 
entering college* Although Idiere are many excellent calculus books currently in 
pflnt, it was our feelijEi^that none of *the books is entirely satisfactory for 
th$ expressed purpose. ^yut has therefore been decided to recamnend that an St^G 
calculus text be written. 

The prlncipfiil ways in which the considered texts failed ^o be suitable are 
listed below: 

(A) failed to build on ^SMSG background/ 

(B) over-concentration on theoryi * 

' (C) * too weak on theory; \ ^ ^ 

(d) too formal a style of presentation; 
(E) too sophisticated" in language; 

(f) too unconventional approach to the^s^ject;^ ^ 

(g) tqo concise; 

(H) insufficient motivation of ideas; 
• (•!) unconventional notation; , - 

(j) too ^ch material for a one-year course* * < 

Though no book was rejected pn the basis of (J) alone, this reason Is more * 
j^portant than it may at first appear. A book designed for a two-year course 
often requires a good deal of "skipping around'* when being adapxed for a'qpie- 
year couse. Also, it is sometimes the case that theorems are stated and proved 
,in the early part of the^ook that hav^ their only application in the latter part. 

I would^like to add tin impression my own to the above list. Although it 
is no- doubt the case that student^j^aking a calculus course in high school are 
very highly selected, they are still high s<chool students in a high school envl- 
ronment, and I do not feel that we can always obtain from them the same down-to- , 
business attitude that we can demand of university students. For this reason, I 
feel that same otherwise satisfactory texts will fall to qualify on the grounds 
of being too colorless. I feel that we have to continually recapture the stu- 
dent^s interest by onotivsirting our ideas with geometrical, physical*, or realistic 

» 

problems, ^ . " ^ 
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ftref&tory Remarks 



It hjiving "been decided that ^an^SMSG ISalculus text should he vrit,ten,\the, 
next prohlem vas to deqide what should go in it and how^lt'^'^should he organized. 
The group arasived at the ^l^oundari^ conditions" enxraerated helov* Some of ;these 
conditions wilLhe ^scplained and elahorated upon in th« following *pages of these 
remarks. * t ^ 

The tejct should he designed t^a^ cover that material nomally encountered 
in a first-yea:f college* calculus course* * * ^ 

It '^should prepare the student to take and pass an^aclvahced^^^^ 
exam In calculus* ' . 
It should he confined to^the calculus of functions of one variahle, 
not including iirf'inite series. * , ^ 



/ 



(1 
(2 

• (5 
(6 

I 

(7 
(8 

(10 

(11 
(12 
(13 

(15 



It shou^ include SMSG mathematics through intermediate Mathematics 
^ Elementary Functions not to be a prerequisite). . ♦ 
Analytic geometry is not to he included except for a hrie4 review of 
those topics necessary to calculus* , • * , 

Thfe c;Ourse is to he oriented towa^fd application and problem solving 
rather than toward theory* ' - . * ^ 

It should include a>> introduction which will explain^ what calculus 

is about > * * ' y-** 

V- ^ ^ * 

The concept of* the derivative is to precede and to be used to motivate 

^ . J 

the concept of limit. ^ \ 

A fairly thorough tilpatment of €*s and 5's is to be given. 

All concepts and t^eorem^ arei whenever possible^ to b^ motivated by 

, nat^^ral geometrical or pl^ysical problems • 

The logarithm is to be defined as J i dt and" the exponential as the 

inverse function of the logarithm. ^ ^ ' " 

The exponential and logarithm functions are to be obtained as soon as\ 

possible for use in appllcatio^jis, ^ ^ 

The Integral is to be motivated by ar^a^and to be arrived at through 

^ upper and lower estimates* * ^ 
** « , 

Q»|y those applications of tl^e derivative which are necessary to bring 

* * * » 

home its meaning and i'hiporbance should precede the introduction of the 

integrals ' * 

The definite integi^l should precede the indel-ln^jLte^integral* 



(l6) The derltiltlon pi' the definite tntfccr&l as the. limit of a sum ia to be * 
/ * hi^ily stressed before ^the Ti'C in taken up. ; * 

4, (17) All notation involving vaiaaVles Is to be deferred «uritil the subjept of 
dilTerentiala is taken up* • , 
(iB) Numerical methods and the Idea of arbitrarily cloj^e approximation ^s^ 
to be emphasized In the >text» ^ * ^ • 

Tliese boundary ooi^ditlons to a large extent det^arrnlne the' sub ifrQt? matter 
and the style of the^tt^xh andV-ln l*act, almost uniquely determine the o3?der of 
the materJtal In* the first ei^ht ^iapters. We will now explain and 'comment on 
.some of tT!^)se .boundary conditions* ' ^ 

(1)^ (2)^ and is). The standard, first-year caj cuius course consists of the 
caiculus of functions of one variable, not including infinite series. This is* • 
the materiaf^ tested in the* standard advans^ed-placement tests ^ 

(^)j (5)^ and (11)'.^ The outstanding features of th^ 3MSG backgrOand men- 
tioned in (k) are the following* It includes a considerable amount of analytical 
geometry, much more^ in»»f^ot, than is strl-jtly necessai^ for calculus, so that 
only the briefest review Is necei^nary. In fact Qartesian coordinates in the 
^ 551ane are so fiionly int'rained that* it Is not necessai^ to say anything about 

them; we just use them.. Kbnber systems Tiave been discusced^at ;great lengttiV^, 

* ^ ^ * ~ 

»:jLkcluding a little wfi^k|dn the; real^mHiibers . Field and orsjer axioms have been 

druBfflied in ye&r after year. There has been considerable work on inequalities and 
absolute value^ so that it is only necessary to review, these topics. In the 
Intermediate t&th text ^ the logarithm was introduced by means 'of ar^a— thus ex- 
plaining condition (ll). • Another ^set of We SMSG backgrourfd ic a mtch 'more, 
mature way of looking at mathematics t^an/Qiat engendered "^y the conventional' 
curriculum. * * » * 

* t6) and. (10). Condition (6) would seem at first glance tQ be entirely at ' 
varianc'e with (9), arid it is indeed rather difficult to reconcile them. ; Perhaps 
it will help to explairt (6) as we understand .it • We feel that the idea of -math- 
emdtical proof is fundamental to a^y mathematics course and cannot be dispensed ^ 
with. We intend to clearly state Just Vhich-^ unproved propositions we dre jtssum- 
ing^irfl^e text, and then we will use logical* reasoning to obtain o^her theoremfe, 
' We Hill not be absolute purists in this matter, however. For example. In defin- 
infii the trigonometPic functions, we spealt of measuring a .distance x around the 
unit, circle. , Here we are using Tieuristic in tacitly assuming that this makes 
sense. In obtaining the inequality sin x < ^ < tan^x, we again use heuristic 
in assuming the obvious but un:p^oved properties of area* I also feel that the* 
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existence of the derivative of the Unverfee -function feliould be left to heuristic 

Also 'in applications such as volume of solid of revolution and volume* of a solid 

* ^ - ... ' 

of knovn cross section^ ve vill ^se intuitive ideas of VbXixme. But in the main^ 

the course will he f iraily founded on our .axioms which are the field, order, and 

s^rarl completeness axioms /or real numbers and the maxima jand intermediate 

value properties and * the existence of the int^ral to^ continuous functions. If, 

an €-6 treatment of limits were to be omitted, we would add half a do^eji limit 

theorems to this •list. ^ r ^ ^ 

I do not feel tliat thef exceptions noted above constitute the pr.imary mean- 
ing or condition (6). Its principal meaning to me is that th«- theory should he 
unobtrusive.^: Most of our theorems and proofs wi3;l not be labeled as sucL but 
will be* casually present-ed in. the text* The student will not Se asked to coxmnit 
these theorems or their proofs to memory or to refer tp them by number. FUrther-s 
more the theory should be motivated by natural problems and grow out of intuitive 
idead. , v * - . • ' 

We have not been abl^ to exempli!^ these pVincipals in the student materials^ 
to the degree we would* like, being primarily involyed as we were with the problem 
6f laying out the 1:heoretical groundwork in accord with the above conditions. 
^Some points which do exemplify -^ese principals are J 



(a) 'the use oTt to motivate the derivative /'which in iftarn • 

motivates'* limltsT • . / " . * 

} ,{b) * the J use of edcpecific prol^lem to motivate 'the chaln>4rul^; 
(c) the extensive dse of area tVmotivatc the integral. 
J We are soi^y that^ we "have not had Vny time to give to problems which prob^ 
ably constitute a f^ood half of the valueNpi* any calculus* course; ^ 

%Tho remalnda*» of this report consist s\of a table of contents for the pro- 
posed text^ explanatory notes for Chapters^ l\hrough 8^ and student materials in * 
various stages of eon?)^letion for tsome of these c^^jjjters* The explanatory notes * 
are intended- primarily, for future writing teams aM cec^arily for the 3Mr.G 
Adviso'ry Poaf^ The correct order of topics aftei: Chapters has not been worked 
out. . 'felk. " ^ , 



At wpLs point v( lihoHi^ like to express our thanki to Peter Lax, William ' 
Lister, L. helloy, Annalr^c- lax, and Leon Cohen, who hfitve made m.any valuable 
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' » . Explanatory Remarks fc^r Chapter ^ ^ - 

, * ' * • Introduction - '•^ ' * * ; , 

What does k student vant to knoy vh^n erotarking on new course of study?* 
•I feel that he most of all wants to -know -vAiat the subject Is .about. ^ My own 
expeyience has been that, "when cbjnn\,ehcing to read a fflathematical work in a'l'i».'ld 
with \^ieh-I am unfamj^liar, I find it most dimcylt-to follow the prwliminary 
theorems and definitions unless there is- an introduction explaining the', central . 
Vdeas the theory and- telling where the theory is going and what i't can do. 

^ * * Many calculus books ccanmence -vidth material on»ineq\ialities, absolute* value V 
real njambers, ^anctlons^^ limits before the derivative is taken up. * It is'diiTi- 
cult for th^ student to see where all this is leading. He .does -not see^ when he 

* \is studying this haclj^round material, that there is a unifying subject, t>ie*de- 
rivative, th^t will tie It all togeth^ • He has no idea, iri^ these, early stages^, 
or what the subject is all about* • . 

Ify feeling is that such a presentation as described above is rather like 
presenting a body of evidence in court without. having said what the case is that 
iV being tried* The auditor listening to this evidence will find It Impossible 
to remember the evidence lOr to make any sense opt of it or ^o evaluate it in any 
way without the case to provide a framework in which to store ,^ arrange, and 
systematize it In his mind* ^ 

I am particularly dubious of the value of, a historical approacli in the 
introduction for the reason that I feel that a student can have no appreciation 
for the history of a subject which he knows nothing about. - The proper time %o 
discuss the history of an idea is after the reader knows what the idea is.- It 
is proposed to avoid these pitfalls by explaining at the outset what calculus is 
about bvjjolving two very natural probl^s in whi ch the derivative and the inte- 
gral ^Irifee. It is hpped that suJfh a "preview" will provide the student with a 
frame of reference in which to fit'his subsequent knowledge* As each new idea 
or^theorem is presented the student will be able to see how it is related to the, 
central problem. There is the further advantage that tangent lines and areas are 
natural and s interesting problems, while limits are unnatural and inequalities and 

absolute value sem by and large rather dull to most students* 

^ . ^ — ^ ' f ^ ^ 

Another value of such a beginning is that it exhibits the difference between 

calculus and algebra. The student has no doubt heard that calculus is a differ- 

ent kind" of mathematics, and he wants to know how it is different. Our approach 

' to the subject will answer this question at the outset. Still a further value 

. - « 1 
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of ,thl8^ procedtire^ Is th^t It enoiphadlzes the essenti^slmpllclty and^ naturalness^ 
of the l)apiG concepts of d^ivatlve and Integrals later on when the going gets 
rou*gh^ the student vlll he ahle to recall that he had no difficulty In u):xder- 

* standing the basic concept*B at the^ outset^ so l^at thlng^s cannot l^e so bad after 
.all* . * . ^ ... . : ^ 

JBno versions or "forms of such -an "introduction are included. The first 
forwEs extr,emely polished and* could hardly fail ^o^be e^ttremely interesting to 

* the student; The* second form, which is rather rough by comparison, is included 
. only because it* embodies the feature of exhibiting the concepts of ' derivative 

' and int^gr^i in" solitary splendor without the extraneous idea of optimization. 
We >iant to bj sure^hat the* studeijit knows j^at Jbhe concept bJ> derlrvative ani^ 
integral are and does not iaix them up with something else* . 
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:planatQry Bemarks l^or Chapter 2" 

\^ * Review \ \ 

^ ^ \ ' 

' The oiily student ina;wlials submitted for tMs chapter consist Qf^a 'section 

^ introducing and clarifying the cojacept^ of a function* 

^ ^ ' The following remarks have thg purpose of explaining what material must be 
Included in this phapter according tp our ove?»all plan. * . ^ 



2.1 The Real Number i^stem and its Properiies 



First ve review the properties of real numbers as presented in the SMSG 



pre 

lA^iermediate Ma*hema1?ies text, Thes4 are . ^ ^ 



Field Axioms 



» / Order Axioms* 



(There is some difference of opinion as to whether sc»ne remark should be made 
here to indicate that* the rational numbers already have these properties. The 
property that serves to distinguish the real numbers from the rationals is found 
in the following axiom which hold^ in the reals but not in the rationals.) 

^^mpleteness Axiom ^ • , ; 

* This axiom will not actually be called by this name. There are three forms 
which will be useful. It might' be stated that they are equivalent, but it will 
dertainly not be proved. The three^ fomTs are 

. (a) every real nxanber has a uniqug representation as an infinite decimal. 

(b) every real number has a unique representation as a point on the number 
line. » ; 

(c) the separation axiom. * 

The representation of real numbers as infinite decimals \ms treate/ in 
Inteiitnediate Mathematics and should be Referred *to here in orcfer to avoid giving 
the student the impressiqn that we ea:*e abandoning the old covft jit 6f real num- 
bers and substituting something newT In actx^al fact very li ole*explicit use is 
made of this property in the. text. ^ 

* The representation of r^al ntimbers as points on a lipe enables the student 
to think g^ometrlcally aboul; numbers. This ability is most usel\il since most of 
our basic concepts are arrived at geometrically ^nd because the clearest way of 
thinking of functions is by means of their graphs* 

The separation axiom, not being tod well known, requires pc^llttle explana- 
tion* The statement is: 
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If A and B are non-empty sets of mjanbers ^having the property that 
everjfi^iDeroher of A is less than or equal to every meroher of B then 
thei^ i& a number s which separates A' and B #L-e., x € A and 

This axiom hears a superficial resCTihlance to the Dedekind cut cOii^pleteness 
axiom, hut there are two basic differences, i^Aiich are: . 

(1) A and B need not be intervals • , 

(2) A and fi^ need not contain points arbitra:i8i.:^ close tefeether* ^ 
'*The advahtages of this axiom for our purposes aa^e: ^ • 

(1) These fewer hypotheses on the sets A and B which need be yerified 
before ^the axiom <ian be invoked., '^i^ should make it njubh^easier for 
the student to uncl^rstand what ,the axipm says* 

(2) It^ would seem that stali;d in 'the form the axiom has a high degree of 
intuitive appeal. - 

(3) l!h±s is the most useful form of the completeness axiom for the approach 
to integration adopted in Chapter 6^ It is better than the leaet upper 
bound' since we are notj^ntroducing upper and lower integrals in our 
approach* It is, better than the Dedekind cu-^ since, a^.soon as we know 
that every lower sum Is less than or equal to every upper sum, we cten 
invoke the separation axiom to discover that there must be a number ^ 
sepe^ating the^« upper and lower sums. Showing uniqueness is a separate 
problem, and thus the difficulties are Isolated* 

It is eafeily proved that, if in addition to the hypothesis that "every mem-- 
ber of A 'is less than^every member of B" we also have '^for every € > 0 ^ 
there can ^ be found numbers^ x in A and y in B so that y - x < 
the number s separating A and B is unique. ^ ' 1^ ' 

The proof can be given as follows: Let € > 0 and let x € A and ^*y € B 
with y - X < €. Since s paration points s and t, must both lie between x 
and ^ y 



X s t. y ^ 

it is clear that js.- t| < Thus |s - t| < € for every positive number^ so 
•that |s ^^t} must be equal to zero. 

\ f^irther discussion of the use of this axiom will be found in the Explanatory 
Kemarks for Chapter 6. * 

SJome people with whom we have talked would prefer to eliminate allxmention- 
of 'completeness from this chapter and to broach the subject only in QiapCer 6 , 



vhen ve make strong use of the idea* I feel that' there are t*o major objectlonn 
to -Wtiis plan* Fi35st^;Ve discuss real numbers ^e re ^ but onlytmentlon.propertlec 
>vhich are alsp true of the rational numb^rc^ The student iffl II. ack — If the real 
numbers are- the same aS the rational numbers why call them by a* different h^i'^^ 
and ilf they fare not the saJne as the rational numbers , . why Isn't it explained hj^w 
theV*8ire diflterent? Second^ the discussion of completeness In the r-hapter on the 
integr-al would constitute an ugfy interruption' In the flow of*thoiight** 

2.2- Inequalities and Absol\ate| Value \ N ^ 

At some of the attached materials sHow, this topic *can very nicely be com- 
bin§<| with the order properties of the preal numbers* -One basic\ldefei i:; the^ tri-^^ 
angle ineqvii^jjjjby. Some other Ideas which must *e stressed follow: ^ 

(l^ ja - to| is, the distance between a ^and b cJn the number line* 

(2) Tixe set of numbers xNsatisfying |x-a|<b is an internal with 
— ^ "Center at a~andir"rad£Ls" b» * 

(3) The set of numbers x satisfying 0 < |x - a| < b is \he same inter- 
* * val as above with the center a Qeleted. ' ♦ 

In order to get the idea in (3) across it may be advisable to discusd the 
set of numbers x satisfying 

* c < |x - a| < bj 

and to s^ow that' 0 < |x - a| < b means exactly the same thing as |x - a| < t • 



r 



2*3' rimotions ^ ' 

The first problem here is the concept- of function--prinr'if>ally tfte idea of 
^ ^unique determination* Urier^ is some associated written material on'^this subject. 
Further expansion of this material should emphasize the distinction between f J 
and f(x) and illustrate this distinction geometrically. Wiat is, in the illus-- 
tratfton the function f is represented by the entire graph, while for each num- 

J 




ber X (in the domain pf f) f(x) is the ordinate <3f the unique pol^nt on the 
graphs whose abscissa is x* P\Jir;ther emphasis*shoul4. be made of the fact that a * 
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function is deterJiined vhen *the domain is given and a rule ia given.-for finding 
fix) for each nximber x in the domain. This rule is very frequently a formula. 

I 

Thus^ for exanplej • . . ' , 



g(xX 
4 



X > 2 



defines a function g with domaijti consisting of the set of nUtabers^ greater than 

2*. If no explicit mentipn of the domain is aaade^ then it is •assumed to consist 
of all those nxinibfers for vhich the formula makes sense.. Thus if ve vrite 



* . , . ^ s(x) « A - X , 

it i"^ assumed that the, domai^i of b .is thfe interval [-lA]. 



Some T^ypes «f fltnctions T . \ * . ^ ^ 

Increasing^ decreasing, monotonely increasing^ monotonelftr decreasing 'func- 
tions. Cbmposite functions (perhaj^s *alsq f + g and f-g). Inverse functions* 
Here it sttould he brought out that Jve restrict the idiscussion of inverses to ^ 
those funcJ;ions vhich are strictly increasing or strictly decreasing (since to 
all intents and purposes we propose to deal only vlth continuous functions)* 

'2.5 Special RtnctiQn| 

* Here just a little-review is needed. It is assumed that this subject is 
part of the student^ s background. Slope should be emphasized in this review. 
Some polynomial'^nctions could be graphed. .TrlgonometriC|.functions mu^t also Ije 
reveived^jwith emphasis on the followa^ng definition. 









> sin x)^jt< 
* / 


i 


* \ \ 


\ (0,0) 


/(1,0) 



When you measure 'a distance x around the unit cf^(?le counterclockwise from the 
. point (l^O), the coordinates of the terminal point ^e respectively cos x and ^ 
sin X. A few properties of trigonometric functions should be reviewed and the 
graphs of the functions plotted* This mi^t be a good point to derive the 
Inequalities*, • 

er|c ■ ' . . ^ 



(l)^sin X < X < tan x . for' 0 < x < |, and the co-segment inequalities. 



^2) l>si£_x>cosx for 0 < x < | . 



!Chere is a little motivation for doii^' this since the chapter deals vith both 
trigonometric functions and inequalities. One weaiStiess 'in this argument is that^ 
this parbtQular inequality is not veil motivated. Perhaps this objection can "be 
overcome by presenting only the inequalities* (l) and leaving (2) until we are 
ready to treat the derivative of the sine functions. ' ^ 



r 
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■ ' " ■ ■ Explanatory* RCTiarks on Chapter - ^ • 

The Derivative' , - ' 

This chapter might .better be trltled: "Introduction to fieri vat i ve;; and 
limits." It should be explained that this material 'is yery sketcihy. It rauct, ^ 
have more detailed eaqplanati on s and more examplen. I\»rtherraore, exerclcec must >^ 
be- added. The text must b& expanded' to adjust reading .pace. "Rie, purpose of 
these written materials is to bring , out a-^ew,main points a^^d ' to indicate thet' 
intended scope and order of this short chapter." " . ^ 

The first ""idea is "to introd\^ce the concept and the definition, of iJIrie deriya- 
tive., starting from some geometrical or physical example. I feel that the first ^ 
example should be geometric^ so that the student .can have some picture of-vhat 
is going on tofollov through these 'early stages of the development. I further 
feel that the example should be that: of the tangent line (in Cartesian coordi- « 
nates) because the student has the tendency to attac^i himself to. the firjt inter- 
pretation of any concept which may be presented to him. Tie interpretation of-, 
the derivative as the slope of the tangent line is one which we always wish to ' 
have at our disposal in explaining problems in which the derivative occurs, no ^ 
matter what the origin of the problem may be. This, of course, cannot be said of 
such an interpretation' as velocity, . C • • ^ 

Many teachers seem to feel };hat the problem of tlr.e tstngent line Is not par- 
ticularly interesting to studenta. If this is the case, then. there should be 
some pr^-motivation to make th« student feet that tangent lines are ' important or 

inteijestirtg. ' ' " ~ ^ 2 

:Af ter introducing the probl4p of the- tangent line to the graph of f Cx) = x 

at (1,2), the student is shown tWat the slope of this line is given by 

I- ' ' 2 . ' ^ ■ • , 

• ' lim'*%-^ = 7"^^ 1^ ' for X 1. 

x-^^ ^ " x-^1 . 

I should like to i^all attention to the use of ^ ^ \} i^^stead of Just . • 

X + 1.' I feel that it might be quite a useful pedagogical device. After the 
first exfiCmples the student sees of differentiation in most texts', he probably 
,."^\ild explain what is meant by a limit as follows: "First you divide out x - 1 
numerator and denominator, and then you let x equal 1." The student must 
think: this <;^ocess is rather loysteripus but it always work's. 'And so it does in 
his earliest ^amples/;- We would like to emphajize the idea of thinking of as- 
signing values to- x ^ihich are close to 1 rather than thinking of letting x 
equal 1 after cancening. The basic difTerence in the^two expressions: 



and 



= X + 1 •* *f or X 1" 



2 



• ■ /inrT-rH(='*i) for x/i" 

is that in the second foim the exja-gBslons on both sides of the equation are • 
ia§wii]agleBS at 1, vhereas in the first eqviation one side Is meaningless and the 

»-o*th^ is not. The student may feel, in fact I am sure he often does, that our 
idea of limit consists of starting out vith an expression meaningless for x = 1, 
dividing out this • x - 1 top and bottom, and th«n conveniently forgetting th^ 
the original expression had no meaning for x e^ual to 1, and so substituting - 
in the- number 1 for' x to get the ansver. Our device for avoiding this pro- 
<^?ss will no^ be completely successful ^ince the student will so9n notice that he 

\an get ,the answer by substituting into ihe second factor in all those problems . 
However, if we can, even for a while,Aceep the student thinking in terms of 
values of x near to 1 rather than of' letting x equal 1, I think we may be 
f ar ahea:d in eventuaOrly getting across to' him the idea of i^at we mean by a limit. 

There follow the definition of the derivati'fe and then a number of examples . 
elaborating the technique jised in the, first example. Wien we come to such an 
essrfhple as .'finding f'(x) wl^ere f(x) = it should be stressed In the text 

that the student is not expected to bave had the Ingenuity to have thou^t of the 
rationalizing trick involved. The purpose of such an example is to plant the 
feeling of the need for general foraiulas and theory for derivatives to replace 
the method of returning to the definition and finding a suitable trick^ every time 
some hew problem comes up. 

The last ejcample in the chapter is that of finding the derivative of the 
sine function vhich leadis to the limit i ^ 

which is evaluated by the txsual area techniqiie. .The importance of this example 
lies in the impossibility of cancelling out the x and then substituting 0 '^Tor 
X. .It is now my feeling that it would have been better to have gone as far as 
deriving the inequality sin x < x < tan x in Qiapter Several teachers have 
.remarked that they feel that this prdT^lota is too difficult |or knclusion at this 
point. 1 am at a loss to understand this r^iark, especially as ; the same teachers 
have opined that the sliudents -vrlll be able to hptndle e^B and ^^s, which ao^e 
scheduled to s^^Ctt on the page of the text following thie one undjpr disQ^ssion. 1 
am loathe to part with this example at this point for a reason ^ioh 1 will ex- 
plain 'in the next paragraph. If^ however, it is indeed too diffi^cult^ then 1 



propose the alternative of finding f'(b) when f(x) » sixi x instead of f»(x). 
•Ehis would lead directly ta liadt ♦ ^ • 

sin X 



lim 
x**0 



instead of ^to" the more complicated iimit '< * ' * 

^ ■*■ sin h 1 - cos h 

* cos X • lim — r sin x • lim r — — » 

Following the gomputation of f'(o) ife could take up the harder problem of t*lx), 

1 ^Ijf •now eaiplain why J consider this example to "be of ^uch vital impor- 
tance pedagogicaliy. If the student feels ths^t he; is able to evaluate all the 
*liLmit.-: he will ever" encounter by means of this "cancelling out the h" device 
(perhaps applied after scane algebraic trick), then he just won't hold still for 
the e-B ' treatment- which is coming up in the next chapter. Only after he 'has , 
seen that his technique is not universal is there any chance that he will give 
his attention to the formal theory.' I do not feel that ttiis purpose^will >>e ade- 
quately, served by raising the question of finding the derivative of sin x and 
Qot answering it at this point. I feel that in such a case the student would not 
necessarily believe that there is a limit; or he might 'feel that if there is one 
the best we could possibly. do with it is to leave it expressed in the geometrical 
- form as the "slope* of the tangent line. If it were decided that €-5 should not 
be taken, up in the text, then the argument for including this derivative at this . 
Juncture would lose most*of its force. . ' ^ 

According to the overall plan., this chapter has to end here. - That is not to 
say that there' should not be a number of interestir^ geometrical and physical 
applicatio*ns of the ideas already developed. What 'we mean by sayi-ng that the 
chapter has to end Jjiere is that there is now no place to go wjth the'theory of 
difTerentiation*. We cannot, for example, now proceed with theorems on the deriv-- 
ative of the sum and product, etc. The reason is that we have decided to present 
the €-B treatment of limits. , • - . , ,^ 

• Suppose we should at this point go on to' the above-mentioned derivative 
theorems u^in^only the intuitive concept of limit » Oaiat is, we offer arguments, 
to make the necessary limit theorems • seem plausible, and then use these limi-6^ 
theorems to prove the various derivative theorems, there is nothing wrong with 
this attack on the problem. I myself believe that it is, in fact, the be s| way 
to handle this problem at this level. . ' 

.However, suppose we now follow such an eiqiosition with an e-6 treatment. 
• Look what happens. The student is aslced to try to master the most diffictilt 

* 
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mathematics he has evjsr heen exposed to. for iibei^sole purpose of supplying proofs 
fox* theorems which he, already believes I Iii fact, he has mor« f^ith in the theo-*** 
rems thenselves than he has in the material that^^ls heipg introduced in order to 



prove them* We seem to he saying, '^Perhaps you had some doubts about tfiese the#- 
rei^s*^ Perhaps the following explanation will convlrice you*" . In t^e usual case 
in which the student? cannot * u^derstaM \he explanation,* w will, oiily have sue- 
ceeded-in casting doybt on the, tfeeoremidBfc student, was xeadx^to q^ccept* He 

"certainly will not . s^e^ why "the" £76 thfJKry was necessary. - . . . .V. 

A clitnge in-order ponsiderably changes the situation*. W start out If rem the 
indicated^ poiTfit^of departure in the theory 5>f the derivative and explain that in 
order toi^nderstand what is g6lng^6^ in this matter of limits we need a^mo^e* pre- 
^se defiriltipn of limit. -.We.make an Initial apology for the* difficulty of the,^ 

' ^ * ^ V ' «^ ^ ^ r * 

concept., We come up^ylth the definition and theh use 4t to prove the necessary 
limit thaorems,. , Then comes '*^e final apology • *This cdnsists of saying that if 

.l\e canH follow ^e intricacies Of the treatment, then* all he has to do is 

to accept, the limit theo^rems on faith as» there will be n^'further use of € and » : 
5* This doe sni^ t seem too "touch ^to demand as these theorems seem quite* reasonable\v. 

^ anyhow. ; * 

With this method of presentation it is hoped that the student will see that 
all this work* on € and 6 serves some useful^ purpose and i^^ not just a point- 
less aside. ^ ^ ' - * * 



Sxplamtoiy Bemarke on Chapter . * ^ 

Limits 

As mentioned twice before, I am not convinced of the visdepi of including an 
e-6' treatment of Ximits in such a text. I vould vlthdraw my' objections if I • 
felt that tlJe students would understand any considerable pdrtion of such an ex- 
position. Yt is jfenerally agreed that very few students develop, aijy real under- 
standing of e-5 technique the first time around. fteSqr experienced .teachers 
feel thdt students begin to have an appreclatl^on for the lde|ts involved only 
after the third exposure. For this reason I vould also vithdrarw ray objections 
to includion of e afid 6 if the student is not left in a state of confusion 
and hostility* Perhaps this goal can be a-^tained, after all. 

' Before attempting to make any inrprovement in the m§thod of explaining € 
and 6j one >raust first attenast tg discover vhere the difficulties lie.^ One dofes 
not have to look very far to find them. Some of these problems .are enxamerated 
below: . , I . , , ' 

(1) The first problem is pest appreciated by Xooking at the definition Of 
lim f(x) = L in formaJL notation. *^ . ^ 

* (lim f(xX ^ h)^ Y . 3. V (0 < |x - a| 6-^ |f(x) - L| < g). 

x-*.a . eX) 5>0 x ; ' * , 

Here one sees that the ""delUnition contains three quantl^fiers followed 
by an implication. One can alter the 'wording to be more acceptable, 
but the tjiree quantifiers are still there. They won't go away. The 
importance of the order of quantification is very difficult to get 
across* * ^ 

(2) A second difficulty is due to the fact that we are not def lnt n g ^the 

expression lim f(x), but instead we are defining the statement 
\ x-^a , ' 

lim f(x) = L. Hirthermore, this statement involves the use of equality 
x-*a , * 

before we know that the limit is unique. In short, when we make the , 
definition, we are npt sure that this definition is consistent because 
-^-^ ^ of Jbhls use of equality. ^ ' 

(3) The definition does* not (although the subsequent theorems do) offer ^ 

the student a*' method of finding the value of lim f(x) in any partlcu- 

x-*a 

instance but Instead affo^rdg him^ a method of checking or verifying a 
conjectured answer found by some other ^ethpd. Students seem to find 
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such a mejihod-of thinkiiig most foreign to them* J belie* that this Is 
one. of the reasons that students hav6 so much trouble vith mathematical 
induction vhere the\same difficulty is encountered* The student alvays 
vants to know where that answer came from. If you can show him how to 
get the answer then he wants to know why further pro^ is necessary* 
OJlis difficulty is somewhat • like number (3)» Mny treatments of limits 
start out- with the intuitive concept, ^ then leap to the formal def ini- 
tion, finally,? demonstrate that the formal definition embodies the ideas 
of the intuitive concept. The student wants' to see things done 1^e 
other way aroun|* He wants to see how' to start from** the intuitive 
idea and arrive at the foimal definition. "How did you get that defi- 
n:(.tion?" the student^^sks . 
(5) The technique involved in using € and 5 in the simplest examples 
invQ^ve'fe^ ingenious tjriqks, especially that of the two {o*r several) • 
>xestrictions on ^ 5» ^ 
{6) Jlirbher ^difficulty with the technique is encoimtered'in that we do not 
solve for 6 in terms of € or try to fl^nd the best . 6 (which would 
entail nevere difficulties even in the simplest Examples}. Instead we 
look only f6r a^ 5 which will work. There is no unique answer* There 
is also a problem in understanding that if a 6 will work for a given 
value of /then so will any smaller value of Sj^ and that if a 5 
will work f*r a given value 6f €, then this 5 will also work for ahy 
larger value c^JT €. " ^ * • 

Wow we come to the point of discussing the attached student materials. In 
the first place it should be remembered that it was diecided to motivate limits 
throu^ derivatives. Derivatives motivate the limits of functions defined on 
intervals and not limits of sequences. The only motivation available at this 
point for studying limits of sequences lies, in the use of the same word^ "limit/* 
to describe -these two phenomena*. It is no doubt true that starting the subject 
of limits with limit^s of sequences has sane pedagogical merit, especially as* the 
id^ea of the limit ,of a -geometrical series lies so close to the iitudent's experi- 
ence. On the other side of the ledger we have the confusion involved In having 
two kinds of limits and the additional class time involved in teaching two kinds 
of'^^stjnits ^ PUrtheiTO^^, as this is a orie-^y<S^r text, infinite series and sequence 
will not be included, ko that no firrl^r u3e is made of the limit of a sequence 
in this course. If limits^ of sequences must be included, then it would be pref 
erable to abandon the idea of using the derivative to motivate the study of lim-- 
its and revert to the order of having a chapter on limits precede the introduction 
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of the concept of the derivative. \ • 

It will "be seen that in the attached nia^'erials a ^ea^ effort is made to 

handle problem {k) ahove. In the course of -working on this prohlem the author 

came to the realization that the "natural" transition from limits intuitive to 

limits rigorous consists of a series of questions and ansverS* through -v^ilch we 

are gradually forced to eome to grips vith the proMom and refine our statements. 

Accordingly this vriter tried his hand at bringing out this transition %r means 

of a conversation between two students. Halfway through, the writer realized ^ 

that this material was'^too drawn out'^for the text but that it might make—after 

expansion and polishing~a 'suitable scenario for a supplementary film on limits. 

r 

On the chance that some of the^ ideas therein may be useful ,to writers, this mate- 
rial is included under the title of "Limits Supplement.^ 

Returning to the list 6f problems in the presentation of limits, I see ^ 
better way to. attack problem (l), that of the three quantifiers, than by making 
strong use of and frequent return to the geometrical Interpretation of the defi- 
nition of limit.. Here one can actually. see what is mieant "by "for every e > 0, 
there is a 5 > 0,' etc." Much more can "be done with this idea than is done in 
the material offered herewith. Bart of the difficulty encotuatered' in problem (2) 
above can he avoided "by using -the notation f(x)r* L as x-^ a until the unique- 
ness of Jthe limit' has Veen proved, thus avoiding the possibility of inconsistency 
being introduced by incorrect use of oquality. Ar\ effort 'has been made to par- 
tially meet problem (5) by considering as the first example of limit technique 
the limit lim — . In this example the "other factor" is universally 

bounded, so that there is no need for two restrictions on &. Many people have 

remarked, and I ain forced to admit, that there are so many other complications 

involved in this particular limit that it can hardly be regai-ded as simple. I am 

quite willing to accept the substitute lim — , which again has the "other 

x-».o 1 x*^ . . 

- - ' ■ ' 1 ' 

factor" of being universally boiinded. The proof that lim — — p = 1 is given ' 

n 1 + X^ 



here for Comparison. 



If 0 < |x| < 6, then 



- 1 



x-^0 



o ^ ^ 2 ^ 

1 + X 1 + X 



Therefore, if € >0 and we choose we have 



if 0 < x] < 5, then 



- 1 



< 6 = €. 



1 + x*" 

Nothing has been done in the accompanying student materials about problem 
(3), and what little has-been done about problem (6) needs no further discussion. 
For lack of time, nothing more was written of this chapter. Ihe :^llowing 
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are the theorems and deflxsltlons idilch need to appear here for the puxposes of 
. the remainder of tfie hoc*?. Ihey are given more or less In th6 order In ;i^ch 
they should appear, • 1 offer So suggestions as to which should he proved and ^ 
^ich (if any) should merely be stated vithout prpof. — 
(l) limit, of constant; ^ , ^ 

r ( 2) *liimit of sum; . . « . 

" . Limit of prodwctj * . ^ * ^ 

{k) Idmit of guotienti * • . * 

(5) Squeeze theorem (if f(x) < g(x) < h(x) and lim f(x) ^ lim h(x)^ then 

3cr^a x^ 
lim g(x| exists and ^llm g(x) = 11m f(x)j . 
3c-*a x-^ a^a 

(6) Definition of jcontinuity at a point; 

[Please inclucle here the ftict that the definition of limlf with "<0" delete^ » 
in "0 < - a| < 5" coinGldes vith the deflnltloa^f coirbinuity.] 

(7) Composition theoremj • , , - ^ • 
[Here there are two forms: * . * , 

(i)^. If lim g(x) = h and f is continuous afc h, then lim f(g(x)) exists and 

is equal, to lim f(y). " ^ 

(li) if lim g(x) = b and lim f(y) =J b and g does not assume -ttie value h 

in some deleted nbhd of a, then lim f(g(x)j exis1?s and is equal to 

X'+'a 

.lim f (y) . • • > 

y*b ' . 

As a matter of fact^ if lim g(x) = b an^ 11m f(y) exists then 11m f(g(x)) 
' * x-^a y-^b x-^a 

exists and is equal to llm^ f(y) iff either (a) f is tsdntihuous at b or 

\p) g does not assume the value b in S9me deleted neighborhood of a* 1 feel" 
that only form (i) should be included in the student's text and that in that case, 
the ^poncluslon should be stated in the f03:in given above as veil as in the form 
."'i±m^(ig(x)) = f/'lim g(x)^ ^ where it appears as a sort of comrautlvity theorem* 

Warning: this form does not hold in case (ii), 1 do think that it might be well. 
; to include the additional remark surrounding this theorem In the T,C, in order* to 

clarify the hypotheses in the case we actually use*] ^ 

It will be assumed. when we come to the chain rule that this theorem has been 

presented here*^^' 2he proof of this theorem is most simple, being. a simple syllo- 
^ ^ gism, to wit: Let .€ > 0. Choose tj > 0 so that |y- bj ^ tj-^ jf(y) - f(b)) <^€* 

Mow 0 < |x - a| < 6-^ l^g(x) - bj < tj^ |^(is(3t)) - T(b) j < I would suggest * 
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that this be one of the theoyems to, "be .actually proved In the text for "tii'e refy- 
Bons that: one ,\ the proof is very simple j two/ the result not seem to be 
obvious to -tiie student because of the appareri|i satorstery of the necessity of the 
additional hypothesis *of eontinuity on f. 

(8) The folJ^vlng useful corollary of (5) and if f ^is continuous at 

» . a and 'h(x) is such that h(x) lies between a and x, then 

lim r(h(x)) = f(a).- \ • 



x-»a 



^(9) Definitloi|^ of continuity on a set. 



-J 



(10) Statements (tut not proofsl) of the liaxiffium thepran^and intemedlate- 
value theorem for a continuous function' on a closed Interval* ^ 

It rnl^t be;vell to poljat out the glohal nature of these last theor^s ?is dlstin- 
"guished from the local nature of ^the oldier the<5rems, Ui^ proofs of these theo- 
rems from the completeness properties of the real numbers should prohe^bly he 
Included in. the T.C. ^ 

(11) Without much fuss, present unilateral limits and continuil^ and state 
theorems without proof, " : f 

The chapter s^iould epd vith a statement to the effect that the ideas met in 
tbsts chapter are admittedly di^f ic^GTT and mastered, 6n3^ on repeated exposure. 
However, all we ask of the student 4»vthat he believe^ the theorems enumeraHied 
above.* Deriid.ng these theorems is theAonly purpose to ^ich e and . ^ \?ill be 
put in this book^ ^ . ^ ^ ^ 
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Ebcplanatoiy |tem&rk8 on Chapter 2;-- ^ ^ v 

Theoiy and AT>pllcatlons of the Derivative " 

The only student materials submitted for th>s chapter^ are tj?6se on' the chain 
rule. After a great deal more vork than -^he problen merits, we came to the con- 
clusion that the proof given here is the only one which is at the same time rigor* 
ous and conrprehensihle to the student. This proof does entail the prior explana- 
tion that the existence of f'(a) iraplips the existence of a function p. wit^ 

lim u,(x.) |jL(a) = 0 » * • ' 

x'+'a « V. _ , 

*■ • * ~ 

such that • • . N 

^- ^ f(x) - f(a) ="f»(a)(x - a>"+ p.(x)(x - a). / - 

Olhe continuity ^of the functiop' |i at a Is most' important, as it is this^^T^ich 
allows us to apply qjir composition theorem for limits, ' The presentation of this. ^ 
theorem, starting as it does with & realistid problem, |s charaCteristiij of ""the " 
style of presentation we should^ like to see used thro\ighout the hook. To fln^ ^ 
realistic* pxample which could he presented at this point, where the derivative of 
the composite function has a clear physical meaning and wh^re neither^ of the com- 
ponent function is*\inear, ^'was a- most difficult task. This' is the best we were' 
able to cTo, * < ^ • . * 

One necessary remark: It was desired to hold down the^ nuinber of applica- 
tions to the bare miniimm necessary to drive home the meaning and importance of 
the\ derivative . It is desired to proceed as rapidjy as possible to the integral, 
fundamental theorem, and logarithmic and exponential functions in order to hav^ 
these fimctions available before all the applications are used up. ' 

The applications- of curve plotting,* velocity, and ex^trema should serve to 
4rive home the geometrical meajiing of the derivative,' its physical application, 
and its. power in problem solving* ' ^ • *^ 

The foi^nal theory ojf. the derivative included in this chapter cpnsists of 
^i) the elementary combination formulas: sum, product, quotient, chain 
rule, inverse function formula; ^ 
(ii) formulas for differentiation of polynomials, roots, trig and inverse 
trig functions; ' , " . ^ , / 

(il±) * Rollers theorem^ and^.law of the mean. 

Theaaw of the mekn is needed in this chapter for^two reasons. First, it is 
needed in curve plotting for the conclucion that a function whose derivative is - 
positive in an interval is ihcrea^sing itNtijfit^nterval* Second, It is needed in 



Chapter. 7 on the FPC ^ere ve n<^d>to know one toxm of l^e ITC that a func- 

tlon Is cc»astant It Its derivative Is Identlc^ly zero« StmilarXyj the inverse 

- - ^ ^ ^ • -x " ^ • " ) ^ 

* function forrauila is needed for two reasons • Urst, we need It In this chapter 

for derivatives of roota. and of the Inverse trig functions • Second, it is needed 

in Chapter 8 in the theory of the esgponentlal i^Jtncti(m« I would suggest assimilng 

the existence of the derivative of the inverse, function after some ^euristical 

geometrical ^stiflcatlon* . ^ " 

A reminder is in order here* Recall, that we have decided to suppress all 

notation involving variables until the Introduction of the concept of the differ- 

enrtial in a later chapter • Uierefore, we have only the f(x) notation for^func- 

tions and the f^x) and D^f{x) notation for derivatives. At a later point we 

will introduce such notations as \ yS Ubi Also at this time we will 

see how the substitution theorem for Integral^ looks in terms of the notation of 

>, ■ . 

^ diff erenti&ls . - ^> i ' , 



Explanatory Remaxks for Chapter 6—- . . 
. " ' Area and Integral . " > 

Two. drafts the student materials for this chapter are submitted. An ori- 
ginal draft of most of this chapter vas vritten vhich was suhsequently rewritten 
in more or less final form and somewhat revised. This revision was not completed 
and, as the revision uses different notation than ^the original, it is difficult 
to s^dtch hack to the origin?! from the revision after the latter hreaks off . 
Both drafts have therefore heen Included.' 

There are a number of novel ideas involved in the approach to the Integra^ 

adopted in this Chapter ^ . 

One\3f these features .is that tlys . integral is atpproached throu^ upper and 
lower sums (instead of Eioaann sums), but we go directly ♦1<p the Integral an^ do 
not bring in upper and lower integrals. The reason for ^remting to do things in 
this way.is manifold. First, the idea of the integral is introduced ajid motivated 
by the problem of the area under a curve, and it is highly intuitive to get at 
area by approximating from above and below. Second, we feel with many of the 
people we hayfe consulted >hat upper and iVr sums are airways the clearest way to 
explain the integral. Third, the upper and lower sum treatment provides an easy 
way of gi>#rSg bounds on the error of approximation, bounds whiqh are not avail- 
able with a Fiemanh-num approach unlosc you do nqmethlng equivalent to Introduc- 

B - • -uT '^r i^' ' ' ' > - ^ -Tr Httn • purnuod without rnfer*?nrc to nuprero\jra 
an.^ infim^m. Ih*^ mV- .1 th- J .,i;"ipT,rT-^ bnun l 1m noh.mn whieh r.tudent.'^ h<avn 
t:» -h «'r:ccr." in workitj? '.^ - ' ' '"-'^ -xx'-nnd in alculua. We'have; there- 

fore 3oa.^V: entirely to maxiniurrj and minimum iaotead of inflmum and suprcmum. We > 
achieve thi«,dcDl red 'stat*? of nffalrr. hnnestly by treating only, continuous func- 
tions i-n our discussion of in^egrat;|6n, so that our integrals .always attain a 
r-.ximum and a minimum on a closed interval . (This fact is stated but not provpd 
.r, the chapter on limits.) In by-p^sslng^ the upper ajid Icrwex .Integrals we again 
♦'••old the necessity of "oneidering the supreraum and infimum. 

. Tho ;>«2-r-t- that -nable", ur to nkirt th^- uppo/anl lower Int-grals lies in 
vhc chcl:Q "f th- f-^rn a"^ t* -? completeness axiom adopted in Charter 2. This 

^can-:.;-e>^ f-r^ o-r th- -^nu i ateness axiom is but oxtrem-ly irtuitive and direct\y 
• i'r'lcaV: ■. -"'^'^ '^•^'rr? -scd in 3e%i-?rt-\ vvr* 

A ■'cGs than or equal to every mo?n» cr o"*^, B, then t^-ere is a number 
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« s\ich that every m^ber of A j;s less than or equal to s and 
member of B is greater than or equal to s» Cs may be a member of 
none, one, or both of the sets A and ] 

.(b) if A and B are non-empty Sets of numbers *such that eVery member of 
A. is less than or equal to every member of B, then there is a number 
vhich separates ; A and B, [s separates A and B is x < s < y 
for all " X in A ' and all y inV B. ] ^ * 

(c) {(x € A A y e B)-i^ X < y} a {(x e A A y € B)--^ X < S.< y). 

(As seen in c) ther,e %b no actual need to specify that A and B are non- 
empty (or'^even that they axe sets of numbers) J but the confusion T^ich vould 
arise and the odd meaning of the definition in such cases should be avoided by. 
specifying that^ A and B are non-empty pets of numbersjs* ^ 

Once .'this - axiom has been adopted it is very easy to prove that, if in addi- 
tion to this property A, and B have the property that these are "members of A 
Q^^d B arbitrarily close together, then the separating number is unique. There 
is the vay it goeiS* ^ • , 

Theorem . Let A and B be non-epapty sets of nui&ers for;vdiich every member of 
A is less than evt^ry member of ^ B. ^ Suppose further that for eveiy € > 0 

there exist numbers x e A and y € B so that y - x < Then the number 

* ^ * i 

separat4.ng A and B is unique. 

jr 

'Proof . Let s and t separate A and ^ B* Let € < 0 and let x € A and 
y € B with y - X < € • Krom the meaning of separation ve have x < s < y and 
^ £ * < y or, in other words, both s apd t lie between- x and y. There- ^ 



X s , t yv 

fore, s and ,t must differ by less than €* -Now we have Is - tl < € for 
all positive €• It therefore follows that s - t* 

The advantage bf this axiom over other foims, apart from, its application to 
the definite integral lies in the fact that the dffficulties have been separated, 
the hypotheses on ^k and B and the resulting conclusion are extremely simple 
and highly intuitive, '"nie student vill first picture A and B as quite far 
apart and will certainly agrle that there is a point separating thero. When A 




and B are close together, he still will not experience any difficulty, not 
even when they are "touching." He will soon find that he has agreed to more 



ERIC 



ttian heTeaUzea, of course, but this should not "be, regarded as a drawback* Thie^ 
^ experience l^iiatur?illy , typical of -vrtiat happens in the axiomatic development of 
any mathematical fieldj it is what happens when we discover a remarkable theorem^ 
or for that matter any non-intuitive theorem. What one wants to do idien axiom- ' 
^ atlzing any mathematical toplc»for which t^e rea4er already has a strong intjil- 
tion is to adopt focioms ^ich the reader will certainly agree are formulations "of 
his intuitive ideas. Having accepted these axioms, the readef has to stick with 
them when the going gets rough (i.e., ^en unexpected or non-intultlve theorems 
start showing up). ^If th^ student had any reservations about the axioms at the 
beginning, then ^en these uneacpectecl results appear he may react vith^ "You 
made those initial assumptions, I didn't." 
, > ' The problem then with the Dedekind cut or least upper bound approach Is that 
the statements of those axioms immediately' focus attention oh the difficulties. ^ 
The real problem is that 1^e existence^ and uniqueness of the cut point or the 
■ supremum are both involved in the axiom even if the uniqueness Is not stated. 

That is, in both approaches the number guaranteed by the axiom a<^ua^.y is unique. 
This is not the case with our separation axiomj the student doesnH get involved 
with the uniqueness of the separation nUmbjbr in considering the slxiomj sametlmes 
this number\s unique and sometimes it isn't. Cui^iously enough in our approach 
to integration this non-uniqueness is- very useful in that we are able to invoke 
• the axiom' at a time and in a. way which wulcl otherwise be Impossible. We .will 
now go on to see how this axiom is used in the/development of the integral. 

The Dedekind-cut axiom" is cumbersome to apply to the problem of the integral 
primarily because of the requirement, that to get a cut point between A and B 
ftrom the axiom it is necessaiy to show that A y B is the entire set of a^al 
numbers. The supremum axiom is made to order to apply in developing the integral 
■vAien the upp;&r and^ lower integrals are to be developed first, (In advanced 
courses, where it is desired to develop the concept of the Darboux integral for 
functions which are only known to be continuous almost everywhere, the supremum 
and infiraum are still indiBpensible . ) « 

In the course at hand the introduction to the idea of integral is conceived 
Of as a gradual transition between two conceptual states— from the state of ths- 
ing the idea of the integral on the intuitive properties of area to the state of 
. basing the integral on properties of the number system. In this transition one 
encounters the ticklish problem of the true nature of intuition concerni«« area. 
We feel that the intuitive connection between area and number Is very tenuous 
except in the case of rectangles and triangles. The student certainly feels that 
regions have areas,,- but it seems not obvious to him that there, is actually a 
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mmbor t^roator tJuifti all the lower- sums and less than all the upper sims* He r 
rather neemr/ to think of area as a partial ordering of regions by inclusion atid 
with an addiiitonal idea of equivalence, i.e., that two sets "have tj^e same area^^ * 
when they earn he .decomposed into pairwlse^ congruent subsets. [The ttudent prob- 
ably wpuld be ^surpriced to realize that this is thei way he is thinking of 'things.! 
Support for t!his hypothesis can be obtained by studying* the attitude that the . 

Greeks had toward area. In cOnsequ^ce of. this problem of intuition 6ne must be ^: 
* * to 

careful* to make it clear that what we mean by area is a real number. 

,In the course of tbe abcive described "transition it is shown that every 
lower sum is less than or equal to every upper sxmi. (ihe possibility of equality 
pccura only^with constant functions— not, for example, with step functions.) At 
this pdirrif we have two sets 'of numbers,^ ^ndfll , the sets, respectively, of ' 
, lower and upper sums f or ;the function --over the interval to "v^toich the separation' 
theorem applies. We invoke th? axiom and thus find that there is a/number (and 
perhaps many) separating and^ . !Ehe^ question now arise$ as to whether the 
properties of; area which we chose are adequate to uniquely determine the area 
under the graph of a continuous function. This brings us to ask whether we can 
show that the number separating^^ ancL ^t. is unique. Done in this way we have / 
not had to establish the condition for uniqueness before Invoking the complete- • 
I ness axiom. W$ feel that separating these two pro^JLems makes for a clearer pres- " 
entatl*on. It is also well to note here that if we H^d used the- supremum form of 
completeness, then this i-s the point at whfch tlie extMneous concepts of upper 
' and lower integrals would appear. We must In all fair^^ss admit that' it would 
not be necessary to give them these names.. We could instead s:peak oJ? the least 
upper bound of the set\ of 'lower sums and the greatest lower bound of the set of 
upper sums. 

In considering the. problem of the uniqueness of the ^number separalfe^ig ' 
and , we look first at continuous monotone functions. Here a part oiN^r^^yatr^^ 
egy is revealed. In an earlier section in connection with the problem of finding 
a priori bounds on*the error in d^proximatlng the area by upper and lower sums, 
we had. found that fdr continuous monotone fftnotions * \ 

(fensi^uently it requires merely a remark to see that by making | |a| j suffl-- 
ciently small we may make ~ small as we wish. Then the uniqueness ,^ 

theorem for the separating nuirfber which is proved in these remarks can now be 
Involved. A similar result is true for piecewise monotone continuous functions. 
It is next stated bhat this uniqueness theorem in the tfcase of continuous 
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functions inVolveB certain technioalities which ve 6d not vlsh to go into. The 
theorem is then stated but not proved for continuous functions. It is remarked 
at this point In ttie text that the only functions ^ich Ve wiU encounter in this 
text are functions \dilch are piecevise monotone and for these functions the theo- 
ry ha^' actually been proved. It is suggested in the text that the. only Reason 
for stating the resttlt for continuous functions at this time, when we cannot 
prove it, and will not use it, is the reason of keeping in step with "the rest of 
the world. 1^ was thought best not to reveal to the student the real reason that 
we have to state -this theorem for continuous functions. 

This reason is""' that the class of piecewise monotone continuous functions is 
nat closed under addition. The smallest class of functions which contains the^ 
piecewise monotone continuous functions is the class of continuous functions of 
bounded variation. Eveiy continuous function bf bounded variation can, of ccwrae, 
De expressed as the sum of two monotone functions. This creates severe -difficul- 
ties when we conie to .the theorem 

/ ' ' j^if^ jg)(x>&x - )^Vx)dx i jfg{x)dx. 
What hypotheses can he used to precede this statement? Ihere are two possible 



choices* * 



(i) If f and g are continuous on [a^h3> then] / 
(ii) If f^ g,. ank f g are^ontinuous'and piecewise monotone on [a^h], 

then* ' V - 

the second choice has the disadvantage that it requires a condition on f + g to 
be verined before the theorem can be used. The student is actually working 
within a still smaller class of functions which is closed under addition— the ^ 
class of analytic functions. 

This class cannot be described to the student at this time. The simplest 
way out of these difficulties would seem to be to make the true but unproved 
statonent that the integral of a continuous function actually exists. 

At the time at which these pages in the student materials were written, it 
had not been decided at which point the concept of the integral for functions 
liilch may assume negative values should be introduced. We feel that we now .kno>r 
the answer to this question. The reason for contemplating a delay in introducing 
'this idea in the first .place was in order to have at our disposal the interpre- 
tation of area with whiili to follow the proofs of the various theorems on inte- 
gration. The proofs would be analytical, but they can be followed step'by step 
with the area interpretation. 

We now realize that it is possible to have it both waysl We will 'outline 



our proposed method of procedure* * 

As soon as the definition of th^ definite integral has been arrived at^ ve 
make the remark that this concept is also extremely useful for functions -whioh* 
assume negative values | although it Is not evident nov it soon vlll he* There- 
fore ve define for any function continuous on [a,h], 

* jr f(x)dk « the unique hutaber 

separating the sets ^ and of lower and upper sums* Jlhis would be an excel- 
lent time to interject the. remarfc that ouV concept of integral no longer depends 
in any way on the'intuitive idea of area, in spite of having been inspired by 
this intuitive idea. The integral now rests entirely on propeorbies of- the r^l 
number system* To this end it is only necessary to show that neither the exist- 
ence of a number c separating ^ ,and - nor its uniqueness depends on our 
intuition concerning area* 55iis does not mean, however, that we will |£bahdbn 
area as an interpretation of the integral. [Here it mi^t be pointed out in the 
T»C* but not In the student's text that the establishing of the e^dstence ajid 
uniqueness of the integral , as dorie here is, though less intuitive, much simpler 
than shoving the consistency of our initial assxjoaptions regarding area.] 

Next we vould consider a function f continuous* on [a,^] and let A be 
such a number that f(x) + A > 0 for all x iih [a,b]. *Let g(x) = f(x) + A 
for X in [a,b]. Let A = {Xq, x^^, x^) be an arbitrary pai^ it Ion of 

[a,b]„, and let M. » and M.* be, respectively, the inaximum values of f(x) and. 

g(x) in the k sub-interval. Now = \ A.* k = 1, 2, n. Lettiiig 

V ~- - vi) = ^ A)(x^ . x^_^) ^ . • 

" ' n n . ' * , 

= |^V^k - Vl^ ■^^l^W -' Vl^ - 



= + A(b - a). . . V 

Similarly, = ^ My - a). Thus for each ;^rtition A the upper and lower 

sums^for g are exactly A(b - a)< mor^e than the upper and lower sums for f* 
Uierefore the unique number separating the upper "^^nd lower sums for g Is just 
A{\ -\) moTi^ than the corresponding humber for i\ That is., 

, . J[\(x)dx - J[\{x)dx ^ A{b - a)* 

ThlG will enable us to prove the subsequent theorems first for non-negative iXjinc- 
tions and then obtain the genera^ results as.veiy simple corollaries* 



In thlB vay, then, the student can follov the essential parts of the proofs 
of all theorems vlth his area lnterpr?tatlon. . See, for example, the proposed 
treatment of the KPCvexhihited ip the Explanatory Remarks for Chapter 7. I feel 
that there Is a very la^portant pedgoglcal point involved here. In- many other 
^eacpoBltions the student Is in effect told that. In the case that the function f 
is positive, ve have a geometrical Interpretation of the theorem and its proof, 
>diile In the case that f .Is not positive, >this interpretation breaks down and' 
the student vlll have to rely on the analytical statements. With our approach 
the ^udent can see vhy it is sufficient to prove these theorems for the positive 
case. 

It Vlll "he ohserved on reading the student text that a very xinusual presen- 
tation has heen given of the summation formulas endo\jntered in the early stages . 
of.-the theory of Ihtegration. It consists in using "telescoping stems" through6ut 
instead of the usual method' of mathematical induction,. We have a number 6T rear, 
sons for preferring our treatment. First, and most important,' we do not wish 'to 
'digress here to take. up thfe topic of induction. Second, eveiy summation foinrCila , 
• presented at this level "by means of induction in essence uses the technique pre- 
sented here. OJiird, the student will not need induction to see that 

^ \ ~ ^ 1 ~ % ~ ^0* ^^3rth, although the method is admittedly rather 
tricky, it air least affords the student a method of finding the answer (if only 
he can find' the right trick) rather than ^ust a method of checking the^answer 
ionce It is given, fifth, once the trick has-been supplied, it is as easy (if not 
easier) to verify tiie summation foiroula by oui-method as by induction. llEhis 
also '"applied if the summation formula is given Instead of the *rlck.] Sixth, 
this fresh approach will most likely be. interestiiife and stimulating to the 
teacher* • . . 

"A remark i^s in order on the j|,nclusion of the result. J^cos x dx = sin a in 
this chapter • There are severai reasons in support ^of it^s Inclusion and one 
against it * 1 realize that the one reason against may outwei^ all the reasons 
for. Perhaps, therefore, it should be included in a starred section. Among the 
reasons for Is the desire to emphasize the definition of the integral^as the limit 
of a s\Jm over the interpretation as the difference in two values of the antideriv- 
ative. To this end we wish to do more than the usu^ amount of work using this 
definition and actually see that ve can get some results of more than ordinary 
Interest. In addition to emphasizing the definition of the integral, this exam- 
ple ought to serve the purpose of bringing out the power of th*e FTC when we come 
to it by showing" how many difficulties It cuts through in this case, finally. 



thli^ «xarnplo exhj^blte the iiBpOTtance of a trigoncaaetrlc suraaatton formila ^ch 
v; > ' - ■ • ■ ■ ■ • ■ • • . • • ■ 

the student will encounter over and over' again in his future mtfaematical studies. 

final portion of this chapter should inolude the mean-v?ilue theorem for 

integrals and the theorem that. If f(x) < g(x) for a < x < b, then 

- V J[\(x)dx^ ^(x)6x. . ! 
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Explanatory Remarks for Chapter 2r- 
The Fundamental Theorem of Calcul\te 



" We regret that ^here has been no time to prepare sample student materials 
Tor this important chapter* We do, howeve:if, have rather definite ideas as to . 
^at bhould go in the chapter, and.* we will try to spell thm: out hiere. 

It is of the greatest importance to make it clea^r that there are two forms 
of the Fundamental Theorem ot Calculus, the first dealing with the derivative of 
the integral, ^ ^ ^ \ 

D rf(t)dt = f(x), f continuous, 

and the second dealing with the -integral of the derivative, ' 

^F^(t) F(x) - F(a), F' continuous. 



^gether these theorems demonstrate the' inverse nature of ^differentiation and 
integration. The student should learn, to qall either of these forms the Funda- 
mental Theorem of Calculus. We hope that he will not favdr one foarm over the 
other. * ^ ^ , . • 

As for the method of presentation, 1 feel that it should be. treated a s^ol- 
lows* We start with the first form and restrict ourselve$ to non- negative func- 
tions f so as to have the Interpretation of area, available. Then we prove the 
theorem for *ltunctions which me^ assume jiegative values as a coVollary^of the 
theorem for*^ non-negative functions. I further feel that the proof might be 
clearer if presented through unilateral limit?. Ttie jpfoot Wll be analytical, , 
but the student will have his geometrical area picture with which to follow the 
proof. Th^re follows a sketch of how this might all be done* I do not know 
whether it is best to use the mean* value theorem for integrals in the proof ^ or 

not. Probably not. The reason I say this Is that, as will be recalled, the 

* 

theory of the Integral as developed in Chapter 6, insofar as it involved monotone 
or piecewise monotone continuoHp'^functions, make no use of any of the deeper 
properties of continuous functions. 1 would like to preserve this state of af- 
fairs in the proof of this theorem as^well. That is, I should like to present 
the proof in such a way that, If the hypothesis "f is continuous" should be 
changed to "f is monotone (or piecewise montone)^and continuous," then the *proof 
-^^tourld BsSce nonase o the deepar properties of continuous functiohs. The. mean- 
value theoi*^ for integrals^ makes use of the Intelmediate-value theorem for con- 
tinuous functions. For the above reasons^ I will present two proofs heye. 



rrC (first form, first proof)* 

Suppose that f Is continuous and non-negative on [a^t]. Let 

P(x) ^ f^f(t)dt. * * 

We can see ^ that P(x) then represent , the area of the region under the graph of 
. f between % and x as shown helov* ' 




^ ^ a \ • . .X 

We will try to compute the derivative .F'(x) . 33mt is, we "will attompt to 
fina the value of lim ?(x ^ ) - ^^) , Let x l^e some number hetueen a \and 

"b, and let h be positive • We recall that 4 

^ F(x h) - P(x) ^J^^\{t)at - J^f(t)dt =J^^'(t)dt. ^ 
^ This last integ'ral Is represea^ted graphically in the next figure • 




(A) By the mean-Vstlue theorem f&r Integrals 
A rx+h. 



where oj: < x ^ h# »3hus the Integral ^^^^f(t)dt Is-equal to the area of a 

rectangle with width h arid height i'CSj^)* * • ' 
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•So, ve have Seen that^ . 

P(x + - F<xj = t{i^)h - 
. ^ence . • 

SO thai; \ » ^ 

This last comes from the composition theorem for Umits (it Is also easy to see 
from the graph)* Since lim Sjj = ^ ancl f is continuous at we have 



h-*-0 



aim f(L) = .f(x) 
h-K>*- 



The same argument holds for negative h. We give "ttie steps without explanation. 
Jbr "h < 0 , - V - 

. w v^ ^ r'*"^f(t)dt - f "f (t)dt -Gvf(t)<it^ -fUy,)'i'^) ^ , 
F(x + h) ~ F(x) Ja \' -«^a^ ^ ^ « il_ = f(U 

. h . • * • h h h Ti„ 

9 -v^ere. x + h < < x. Thus ^ ' ' . 

• li^ F(x h) F(x) f(L)- f(x). • ' 

h^O-- ^ h-..0- ^ 

Sln^etoth it„ F(xH.l.) - , 11,. J^ii^^-^^ =,fW, ve have 

^ rw) , 11^ h).- F(x) , ^f^^^^ , 

""iTC (first form, second proof J* 



Starti from (A) in tiie previous praof . Now • 



idiere f(cjjj^) and' f(p^). are, respectively, the ndnini^ 
^ assumed Tby f in Cx, x + h]. GBpapfeloally, the^i, the value of /^\(t)dt lies 
"between the areas of tvp rectangles, both withArtdth h and with heights f(a£) 
and f(Pj^)» V - ^ ^ 
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We have seen, then, that * . - \ " 

f (ajj) » h < F(x, + h) - F(x) < f (Pj^) . h ' 
so that * ^ 

Since SL^ and are both between x and x -t-li, it is clear by the sctueeze 
(it is also clear f^m the graph) that lira ct, » x and. lim pL = x. Since ^ f 

Is.contilauous at x,, we therefore find by the composition theorem for limits 
(again clear from the graph) that lira fCa^,) = f(x),= lljn.f(a ). Again using the 

squeeze ve see that ^ • 

lUaJiiii^l^ exists 

h-^CH- * 

and Is equal to f(x)» The same refitilt holds for negative values of h,. etc../^ 
^ Mext we mustjB^^lder the theorem for integrands which may assume negative * 

3^W^W8 



values. Here is 



way I should like to see used. 



Suppose that f is contj^nuous on [a^bj but not necessarily positive • 
Hnd a constant A so tfiat f(x) + A i« positive on ta^h]* Define 
g(x) = f(x) + A. If F(x) ^ f^t{^i^A'<;ti^Xi ; ^ * . 

, G(x) = J[^^g(t)dt = F(x)* + A. (x - a) 

by a result of the last chapter. How by the theorem just proved, G'(x) = g(x), 
so that, , • : — 



P'(x) = D^G(x) - D^(a. (x - a)) 
« g(x) - A = f(x). 
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Jlhe ccaadition Qf being ttcm-negative may tlms b'e removed from tile JTC. 
.~ We'^ext laroceed to the proof of the second fprm of the ITC, whi<5h proof 
(alas) involves . Holle's theorem^, -v^idi in turn depfends on the maxiffiom property of 
continuous functions • ^ V * - 

* ^ Alter the inverse nature <tf differentiation has heen hrOught out, the 
theorems - ^ * . , * 

J[\\f(x)dx = cj^f(x)c^ ! 



and . * ^ _ t) * h 

^ (f (x) g(K)) dx - f^ t{x)ax -I JT g(x)dx* f 



Bhpuld he proved • It should he pointed out that since ve are only interested in 
continuous integrands these theoraais (especially the second) are imxch more easy > 
to prove here vith the ITC at our disposal than they wuld have been in the last 
cdaapter. Now they simply follow from the corresponding differentiation tiieorems* 
(X feel that the loss i|^\rolv6d in not proving these theorems hy techniques of ^ 
integration is s light 0 * * t 

The next order of husiness (perhaps it should, even precede the last para- 
graph) is the definition of the indefinite integral or antiderivate. We point out 
that eveiy differentiation theoron or formula can be eaqpressed in terms of inte- 
grals. We find the integrals of x'^ and of sin x and cos x. Here ve point 
out that ttie integral of cos 3c »vas computed injthe previous ^chapter vithout the 
use of the ITC. We s&v that tMs computation involved a great deal of effort and 
ingenuity. With the ITC at our disposal this result is entirely trivial. , ' 

Mext we turn our attention to the form taken by the chgdn rule as an inte- 
gral theorem* If ^ . 

• . . F(x) = s(g(x)) 

then ' * • 

^F»(x) = s» g(x) • g*(x). ^ 

' Thus , ; * 

J[V(k)dx ^ P(h) - F(a) - s(g(h)) - s(g(a)) 

hut this last expression is readily recognized (again hy the. FTC) as being the 

value of / / xs*(u)du. Thus ve have (substituting f for s') 

lUrther explanation of this theorem as a substitution theorem may be given. It^ 
should only be ranoDabered that we do not yet have differentials at our dispbsal. 
If it is preferred to defer this theorem until later on, it can be done because 
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It is. not absolutely essential in the next chapter. Another mel^od for obtaining 
the addition formula for the logarithm is included in thdt chapter. ^ • 

I would now like to suggest a happy note on whxch this chapter might end* 
IHhere are two valuable purposes which it will 'serve; it ^11 give the j^tudent a 
striking impression of the importance of calculus^ and it will show the useful- v 
ness of the technique of "integrating inequalities, incidentally bringing out 
thereby an Important distinction between definite'^ehd indefinite integrals • (it 
should be demonstrated in passing that we ceua^ot differentiate inequalities^^ ) 

Almost all students must have wondered how these four- and five-place tables 
of trigonometric functions were compiled • Surely not by measuring the lengths of 
segments with a high degree of accuracy* Well, we\now have at olir disposal a 
method for quickly computj^ng values of sines and cosines with any desired degree 
of accuracy* We ^tart with the inequality 

0 < sin X < X for *0 < x < ^ 

already shown in CJhapter 2 and used in Chapter 3* Integrating, we have 

♦ ft ft rt * 

Jq 0 dx < Jq sin X dx < J^xn^dx for 0 < t < ^ 

so that,, * o p 

0 < 1 - cos t < -TT or 1 - ^ < cos t < 1 foTf 0 < t < -5, 



integrating again 



so that. 



X - jT < sin X < X for 0.< x £ ^* 



Another integration yields 



XI^ - frjdx <£sin x dx <£x dx 



*4 



for 0 < t < I 



so that, 

2 k 2 

or ; . . • > ^ 

2i ' ' 2 ^ 

1 - ~ < cos t < 1-.^^ t |t for' 0 < t < I* 

Iterating this j^ocess (induction may be brou^t in if desired) we obtain, for 
example/ ^■ -s, ■ 

X - fr < Bin X < X - + ST ^OT $ 0 < x < § • 



Ikk 



1^0 



and 



for 0 < t < . 



We can use these results to oTitain extremely accurate approximations of sin ^ . 
and cos X for small, values of x. It can be pointed out that the alcove ine- 
qualities give good estimates for 0 < x < J and that if we can tabulate these 
functions for such values of x, th<#n all other values may be computed from 
sinrple trigonometric identities.' This example also introduces the ideas of poly- 
nomial approximation.. 



. — 
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Explanatory Remarks, on Chapter 8— 
The Logarithmic and Exponential Functions 



'There Is little that Is original in this chapter\ The only reason for sub- 

itiltting- student materials on this subject is *hat the writer wanted an opportunity 

to do something easy as a change from being constantly Immersed in the most diffi- 

^cult problems of the calculus,. . ; 

The main purpose of these remaxks is ♦to explain why the problem of the; expo- 

nehtial and logarithmic functions oug^ to (we might ^ost say "has to'') be at- 

tacked in this way* There a^e three basic reasons: 

(i) 1^he course is supposed to follow the SMSG Intermediate Mathematics 

i course, which treats these functions in this >mty; , ^ 

(ii) the alternative method, of considering the exponential function first 

muct either t)e very sketchy or Involve a horrendous proliferation of the 

dullest possi-tole theorems; ' * * • 

I 1 ' 

(ill) the suggested* method of treating the logarithm as - dt is very clean 
and brings all the machinery^ of Integration* (and e^en differentiation) 
to bear on a single ^roMooqij and thus, ties together jj^erything we have 
^ already done in a mo^'^sgl^gstnt fashion, 

It. will be noted that the properties of these functions are not brought out 

In the theorem^proof-thebrem-proof style "but* are instead presented .info^?nally in 

~ .1 ^ * 

the text and finally collected at the ends of the sections*- 

Attention is called to the estimation of L(x) for 1 < x.<'2 by the method 
of integrating inequalities* 



Explanatory Remarks for Chapter 2 Sk* SSI* 

Virtually no thought has "been given to the organization of the text from 
this point on. ®ie Table of OonteAts offers one plan, Twt It Is felt that this • 
can be grecctly to^roved upon vhen the problems of coordination and e^sttlon are 
forced by future vrltlng teams, I vill conclude with, a very small number of sug- 
gestions. ' ^, 

Almost everyone, we helve asked for suggestions has urged that In this age oi 
• con^wters numerical inethods should be emphasized to a greater degree than is usual 
'In calculus books. 1 vould, therefore, urge the inclusion of Newton's method, 
the trapezoid rule, and Sln©son's rule with bounds on error. 

I feel that a good motivation for numerical integration would be furnished 
by arc length as, for all but the simpleiit (and a few special) func:fcions, this 
leads to integrals which cannot be formally integrated. 

V Many consultants have suggested that formal integration techniques be some- 
jdiat de-emphas^zed. We pass this suggestion along. 

' Concerning arc length again, we suggest that convex (or plecewise cojavex)' ^ 
curves be concentrated upon, so that both lower and upper estimates for arc . 
length can be obtained instead of Just lower estimates . ^ 

It should be recalled that differentials have yet to be taken up and along 
with "them various notations involving 'Wiables" and a clarification of the sub- 
stltutlon theorem for integration. ^..^-^ * ■ 
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^ CSaapter 1 

UTOODOCIION 
(first version) 

* ' • *• 

An overly utilitarian view of the calculus is that it is merely a hag of • ^ 
.tricks for obtaining useful solutions to abroad variety of scientific and techni*- 
cal problems. On the o1*er hand, the calculus can be treated purely as an intel- 
lectual exercise, as a mathonatical discipline in which theorems are deduced from 
carefully stated postulates and definitions^ and then the prlmxy question of in- 
terest is whether l^ie logic is impeccable. ]ii -tbis text we try to maintain a ' 
more flexible point of vi^w. We shall find the origins of the ideas of- the calcu- 
Xus in practical problaas; we shall attempt to express these ideas precisely so 
that we may reason abdut ,them logically; finally, we shall return' to problems and 
apply the theorems resulting from our reasoning. 

Ohe two basic ideas of the elementary calculus are "derivative" and "inte- ' ' 
gral." It is easjr to appreciate these "ideas intuitively and know why they are 
useful before tonmilating th^ precisely. Herejwe shall consider these ideas as 
they arise in the solution of specific problems. 

It. * ^ 

1»1 Sis. Concept of the Derivative . * 

It is in the nature of the human enterprise to try to get the best of every- 
thing: a manafacturer seeks the smallest' unit cost for his prkuct and the high- 
est possible prieej a student tries to complete his homework assigiiment in the 
shortest, possible tiniej a demagogue eatpounds "the political jdiilosophy ^ich he 
believes will gamer the greatest number of votes 1 It is seldom clear ^at'must 
be done to get the best value; here we shall develop a systematic attack on a 
class of these problems. ^ . ' 

While the class of "best value" problems treated by *he methods, of elementaiy, 
calculus is quite broad, 'we are only making a beginning in an area which is still 

' ft lively fiexd Of investigation.. 

Consider the following problem which the writer faced recently in moving his 
household goods. 2he cost of shipping' books by parcel post happened to be much 
lo^er than the cost of Wpment by interstate van. 'The post. office places re- 
strictions on the size, of packages: the length plus the girth must not exceed , 
72 inches.' Since there were a great many books, to keep the effort of packing 

' to a minimum the writer sought out the largest possible boxfes ccanplylng with the 
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post-omce requirement, Assxanlng the ^ds of the \>ox to be square*, -what are 
the dlmenalona of the hox of largest size? 

Tb solve this problem W must knov that the post office defines 'the girth of 
the box as "Uie perimeter of the end piece. We let x denote the size of the 
square end and y the long dlaejMlon of the boat? we require that ^ 

and under this condition we attenit to maxlmlae the volume of the box, 
, . V 



2 
X y, 



Setting y = 72 - kx In the eaqiresslon for V we obtain" 

' ^ . ^ V =".x?(72 ' kx), \ \ ' 

Getting 'away ierom the specific details, we see that idiat we have accomplished 
Is to reduce the problem to the study of the properties of a functl'on f: x-^V. 
Our problem is not so much to determine the largest value in the range of 

the function, althou^ that inf oimation "may also be useful, but to find a value 
Of a in the domain for ^Ich f(a) = V^^.\ -(The domain here consists of those 
values of x for which the problem is meaningful,- that is, the values between 
0 and In order to get some feeling for the problem) we inay sketch the 

graph of f by plotting a few easily calculated points' and drawing a smooth 
,curve%«irough them (Ilgure l), ■ « 




ngure 1. x-^x^(72 hx) t 



In'this way, -we might locate a peak of the grasih approxl-aately, and- we do get 

soae precise ^information, such as V^^' > f(lO) = 3200. No matter how much in- 

formatlo n we get this way,' we shall always be somewhat dissatisfied. ^ In the 

*it Is not hard to prove that the best box has square ends, but we shall 
postpone the argument for the sake of brevity here. 



first place, we have only exjstct infornation about the function at a number of 
calcvaated points, so that eveja if happened to stumble upon tfee maximum we 
might not be aware of it. ' 

In the second place, the idea of drawing a smooth ctxrve through the calcu- 
lated points lias its limitations . For exanQple, in ^gure 1, without further cal- 
culation we could not be sure that the continuously, dravn curve more reasonably 
represented the fuhction than the dsished one and^ :Parthermore^ ve cannot eliminate 
this kind of ambiguity completely by calculating more points. One of our ob^ec- 
^ tives is to devise systematic methods :^or resolving these difficulties. 

Thinking of the problem in usual geometrical terms, ve see thsCt. the condition 

for a maximum, f(.a) ~ V , means that the graph of f camot cross over the 

msQc ^ 

horizontal Oyine throu^ ta,f(a)]. Tl^e direction of the graph at [a,f(a)], must 
■ therefore also be" horizontal, for if the graph met the line at an angle, the two 
would have to cross. Intuitively, then, the meeting of the line and the graph of 
the function is a grazing contact; ttie line is tangent to the graph. To locate a 
Ijeak of the graph we seek it amoag "tiie points where the graph 'has a horizontal . 
tangent* To make scmie general use of this gecaaetrical ide'a ve express it numeri- 
cally, so that it may serve as a basis for computation.-^ CJbserving that the direc- 
tion of the tangent can be represented* «iumerically by its slope, ve reformulate 
our idea: at a peak of the graph the slope of the tangent is zero. We introduce 
a new function x-^^'(x) >*iere f'(x) is the slope of the' graph of f at .the 
point )[x,f(x)3.. ^If there is a peak of the graph of f at [a,f(a)3, then 
f»(a)/= 0; to locate a peak, then, ve look among the zeros of f*(x). The func- 
tion f is called the derivative of f, and the slope of,l;he tangent f '(x) at 
. • [x,f{x)] is called the derivative qf f at x. 

An Aide to the Reader 

\f now you may have a sense, that we are very far from the point of H)eginning, 
and that you vould like to Itnov vhat we Save accomplished • What we have done is 
this: we have replaced a^problem about which we know very little, with ^ problem 
about which we know a great deal— to locate a peak of one function we look among 
the zaros of another function (the derivative). It may se^ to you that the line 
of a pproach is_devious_^ and it is still not evident that it is fruitfuTf We prom- 
ise that it ^11 be 'fruitful. You should not think that the discovery such an 
• avenue of investigation is beyond the powers of ordinary mortiils . Whenever you ■ 
becom^e unduly impressed by the ingenuity and power of mathematical methods, re- 
flect that an investigatbr will try not one but * many approaches. Tb his admiring 

V * * * 

audience he will present th^^gja^ idea that worked' and never mention the failures 




that filled his -waste basket vith reams paper* ln\*fact, ve briefly considered 
an* rejected one idea already, that of finding the maxiirrum value of f(x) by 
examining a number of its values • 

Before we^ go on t6 solve our best value problem, it should be «sa3^d openly 
that the method of solution ve rejected ms a perfectly practical one. If the 
vriter had not knovn what you are now learning about such problons, mi^t have 
proceeded by .calculating values and come veiy plose to the optimum solution^ . 
The point is that problems of this kind arise often, and if we have a great many 
^similar paroblems it pays to devote some attention to refined methods of solution* 
Similarly, If you wished to make Just one pin^ you woulc^^je^^^co^t^nt to do it by 
hand, but if you wished to produce piyis by the million, >you would pu|^ a great 
deal of effort into designing suitable machinery for the purpose • You will soon, 
reach the point of view from which the solution of our present problem will ap- 
pear no more consequential in the light of the methods ve shall develop than the 
production of a single pin in the*^ operation of a pin factoi:^* 

.Turning back to ohr problem, ve find that we have so far only replaced it by 
new-problems^; — In pa^tl^iular, we have not clearly defined the direction of the 
graph at a given point •and, hence, the slope of the tangent* Purtheri^ore, even 
if the slope of the tangent or derivative is defined at a point, tliere remains 
the- problem of' describing the function f in teitas suitable tor calculating the 
solution of the problem** To attack the problem of defining the deriva'tlve, ve 
resort to €u sta»[dard method of ^^he calculus* The method is to determine a number 
by constructing a set of approximations in such a way thai^so. \ong» as we allow 
ar^\inai]&in for exTor^ we can always thd an . approximation to the number which 1? 
correct within the allowable error* In the laiaguage qf th^ calculus we say the 
number -is the limit of the set of approximations* To approximate the slope of 
the tangent at a pol^it [a,f(ayy of the graph Qf f we consider the arc of the 
graph between the poin&^'''*4«c5^ta)] and another point [x^f(x)]% To say that the 

tangent at [aj,f(a)] has a certain slope 
f '(a) will mean now that it is possible 
to approximate f*(a) by the slope m(x) 
of the chord between Jx,f'(x)] and 
— tajf (^)-3 » Jfere- precisely, the-errpr -In* " 



x,f(xj) 




a 



flgur 



siapproximating ^'*(a) by can be 

reduced below ai^y given tolerance by 
.taking x clos^ enough to a. 



*Since the graph is nearly horizontal In the neighborhood of a peak, the 
penalty for missing the exact location of the peak can be\expected to be quite 
small* We shall return to this point later in the text. 
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Wien X a the expression for m is algetoraicelly meaiaingless since the lienom- 
inator Is zero* !Hiis Ib to he exj)ected since the geametrical interpretation of, 
m(x) as ^e slope of the chord Joining two points loses its, meaning if ta>fCa)], 
tand' [x>f(x)] represent the same point • We note for^any other value of ^^jjjj^^lih^ . 
. a .that ^ ^ ^ g= The ex^ssion T2(x + a) - ^(x^ ax t a^) is; a pal^rnomiai 
idaich at -x a • has the value lii4a - is^ I We shall prove for a polynom3Lal^' 
function, p(^) that it Is possi1>le to approximate p(2) to vithih aiay. fixed mar- 
,gin of error by taJcin^ x sufficiently close to a*^ It follows Jbhat the slope 
of the tangejafe' '9.t Ja. ,f(a).} Is * ->« » '"*' 

Nov we use tiie criterion that titie §loite of the tangent at a pea^ is zero* Uh^V 
zeros of f*(et) occur at *a Q and a 12* The , graph of f does have a hori- 
zontal tangent at a 0 hut,.^tilearly^ f(0) » O Is not the hest valvie. Having 
eliminated every other Jbssihltiiy} ^we see that the desired maximum must occur at 
X * *12*.,. In conclusion, the largest hox withvle'ngth plus girth of 72 inches .has 
square ends with '12- Inch sides and a length of 2^^ inches* ^ 

You will have noticed that the actual ctSmputatlon -leading to the solution is 
\quite short* ^lfc?§t. of the effort and time wa^ spent In esqplalnlng the considera- 
tions undeiOi^sln^ this melihod'of solution* ^Later we shall see that we may write , 
out f'(a) on k^gh^> and. the lahor of solution ts tiien almost negllgihle. H- 
naliy, we have produced yet another pirobl©^ to solve: if we want to find the max-, 
lyum of f(x) knowing the zeros of f'Ca), which of these^ if" any , yields the » 
best va;^e ^we are seeking? This 16 one question we shall leave to be answered in 
the text ♦ \ « ' , . * 



*!Ehis is the property we call continuity in the te:>tt, 



The general concept of plane .area is another of those "geometrical ideag, 
like that of^the direction of a curve at a given point which r^ains elusive 
unless conceived In tems of liB^}ts» We alreac^ know a grea^ deal about areas 

i>om geometry • We- know hov to* calculate 



y 



X ,y 
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the areas of triangles an4> hence, the 
* areas of all figures built up o5e; tri- 
' angles, that is, th^ polygons • The ques- 
tion ^of deterddning the area ,p^lw^ region 
\ith curved*boundaries like the Shaded 
region in Mgiyce 3 remains dpen* 

You m^y have seen the, Greek apptrpach 
to the problem of detexmining the area 
of a 'Circle, in which the area is de-* 
scribfed ai^'the limits of areas of regular inscribed ancP circumscribed polygons • 

using the limit of pblygonal approximations, the Greeks were also able to cal- 
culate the areas of -sections of a parabola, 4^^e* , region^ bounded ty a line seg- 
ent and a parabolic arc, J^i substance^ the Greeks contributed nothing farther 
,to the th>:?oryn,*of ; area* . ^ » , ^ 

\Xn the modern theory of .area we successfully make general use of the basic 
Greek idea of determining the area of a given regiori as a limit of approximations 
by polygonal re'gions* Xqfm may wonder,^ then, \diy the Greeks were not able to do 
so* Historians fee«erally attribute the ^imitations of the <Ireeks* in this field 
to their failure to develop adequate general schemes for operating with numbers* 
It s«vems that they customarily thoiaght of real rrumfibers i'ti geometrical terms 
rather than as ent lilies which one can study independently. Nowadays we* learn to 
think both geometrically and nxjmerically, taking whichever tack is the more con- 
venient for the problem at hand. The enoimousvi^lQxibility of this dual approach 
will enable you ^td solve handily problems which would have baffled the'^greatest 
Greek mathsnaticians. - » \ 

To turn the geometrical description of the problem into a numerical one we 
introduce a coordinate nyntem in the plane. For sftnplicity we place the axes so 
that the region in questicai is contained in the Uipper half plane, y > 0, as in 
Hgure 3* Next we attack the problem of describing the region numerically. We 
are^used to describing a curve as the graph* of a. function and naturally think of 
describing the boundary cuiVe in terms of l\inctions^. The only difficulty^ is that 
the boundary, curve is closed which means that ^ vertical line will generally 
meet the curve more than once* In Jlgure 3j the vertical line x =^ x' meets the 



Qg ».(xQ,yQ")« fact, for this igpe- 



qurve in tvo points, « ^^O^^o'^'' 
cial case the '^oundajry ciirve^can be divided into ah \^pper arc A^B ^,said^ a lower - 
arc AQgB so that a vertical line intersects each arc Just once* Each arc can •> 
then be. considered ^s the graph of a* non- negative function^ defined on the inter<- 
" val a >x >b where a is the abscissa of A and b the abscissa of B, The 

numerical description of the Ijoundai^ •'curve is. now given in terms of two func- 
^tions, an upper function f^: x-^ y* corresponding to the arc AQ^B and a lower 
* function' f ''x *-tiy*' - corresponding to ^ AQ^B* Since we have two functions to ^ 
deapL with, we are led to divide the calculation of the area, into two parts • The 
• area we seek is siraply the difference Ibetween the areas of two regions of the 
^ame type* These are regions ^cut^ out of the strip betw#n ,the yertical lines 
through A and B: the largei^ region is bounded above by the graph of f^ and 
below by the x-axis j the smaller region is bounded above by the graph t>f f^ and 
,below by the x-axis. » , * ' 

We have reduced the problem of determining the area of the give;i region to 
the problem of d'^terraining the area of regions of a certain standard type, regions 
describable in terms of a single function^ Of course, the region we began wi:^ 
was especially simple. In more complicated cases a vertical line may meet the ^ 
bounda^ry curve 'in more than two points and shall the^ need more than two functions 

to describe the curve. We can still 
approach the problem by introducing stan-* 
dard regions, one for each function^ the 
method for doing so in general is left 
for you to think about since the details 
are not relevant at the moment. |^ 
We are lefl^ with the pj^oblem of ^cal-> 
^ culating the area of a standard region. 
Given a non-negative function f on an 




Figure 4. 



interval a < x < b we define the corresponding standard region as the set of 
points (x^y) for -vAiich a < x < b and 0 < y < f(x) (Figure 5)* The area of 
this standard region is what we call thfe integral of f from a to b. Again 
we are faced with the problem of determining a number,^ the area of the standard 
region based on the. interval a < x < b, and the problem is apparently insoluble 
by any of the old methods unless the graph of f is a stiuight line. Again we^ 
approach the problem by treating the area as a limit. We approximate the 
polygonal areas as the Greeks did, but we are looking for a systematic i5cheii]|& of 
appTOxlmation, one that does not depend on the particular function involve 

A first crude estimate can^he given tejins of the maximxim value M and 
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l5he miBdmor. value m of ca.early^ 
the reotaiagle of height M ^l^sysed on the 
interval^ a < x < h . contains the given 
> iregioni the given region^ in turn, <5on- 
tains the rectangle of height' m on the 
same hase% Tot the area /A of the re- 
gion ve then have estimates from above 
and helow: , * 

M(h - ai > A > m(b a). 

If ve approximstfte A by either of these 
estimates or by any value in between, 
^ then we cannotjbe in eiror by more than 
(M - m)(b - a); that is,' by the area of 
the hatched region indicated in^Slgure 5, 
*jaiis simple method of estimation <ian easily be refined in a straigjitforwar .way* 
For this we only have to observe Idtiat the maximum *of f(x) on any subinter- 
val x^ < X <*x^ canhot be greater than the overall maxijnum MS Similarly, the 
minimum ^m* of f(x) on the subinterv^l cannot be less than the overall minimum 
mi that is^ \ 

^ > m and < M. * 




figure 5. 



It follows for the area A^ of the standard subregion based on the interval 



x^ < X < Xg 



that 



m(xg^^ x^) < m«(x2 - x^) < A^ < M'Cx^ - x^) < M(xg - x^). 

Erom this we see -ttiat the largest possible error in estimating the area of the ^ 
subregion has been reductPfrom ^the former value of {M - m)(x2 - x^) to 
(M^ mOC^o For the whole. intervSJL the maximum error can 'be reduced by 

subdividing it into smaller intervals and maMlig the same sort of estimate sepa- 
rately for each of the subintervals* Tor the sulwMto/ision pf figure 5 this means 
reducing the margin of error from the area of the hatched region to that of the 
stippled region. Plainly, the thing to do now Is to try to bring maximum error 
down b§low any given margirt by med^in^^^he subdivision fine enough. 

Th,e best *ay to see how this general approach vorks is to t3ry It out on a 
specific function* For this purpose we try to "evaluate the integral A of 
f: x-^^ from 0 to 1 (figure 6)» For this function our wOrkHs simplified 
because the bigger the value of x, the bigger is f (x) ♦ It follows that in any 
interval the minimum value of f(x) occurs at the left endpoint and the maximum 
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O.'s O.k 0.6 0.8 l.-O 
» I 
Lgure 6. 



value at the riight , Th order to calcu- 
late these values easily ve choose the 
. poijats of subdivision tg avoid tedious 
calculation of ihe squajse root; If we 
subdivide the base into n parts we 
denote' the suc<i,essive endpqinte of the 
n E^bintervals by jcq> x^^, \» • 
where 0 = < < ..,. < x^^ = 1. * Ibr 
simplicity, we choose the eiidpoints so 



that = i, ^ , ^ « I, ...5 
tl^tiB, - Xg « (f ) , X3 o (1)? 

. ngur)^ shows the subdivision for n = 3.. For n = 1, taking the entire 
interv%h^ find that the area is between 0 and 1. Taking n = 2, we obtain, • 
on adding lower and upper estimates for the two intervals. 



or 



and we- have reduced the maximum error from *1 to ^. Taking n = 3, we obtain 
similarly . ■ 

^•9'*'3"9 •3"9-/r 3 9 3 9 ^^9-* 

and the maximum error is reduced "^o = 3 • 
In general, for n 'subdivisions we have 



or 
A 



> i/o .l + l»3 + 2'5 + ...+^n-l)(2n- l)^. 
n 



1^ Similarly, ^ ... , v. 

or ^ •• ' ' . 

A 



< -^il .l + 2»3 + 3*5+'»«+ n(2n - l)^. 
~ n^^ 
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Tlaki^Qg the difference between these results, ve fln# for -ttie loaxiittuin error E 
for thlB s\ib<|iviBidn that * * 

E <Al. 1 + 1.3 + !• 5 n^-(n-l)^ 

E_ < 1 + 3 ^ 5 + ....-^ 2n - 1 . ' ^ > >. 

The e3cpresslon in braces Is Just an arithmetic progression for which ve know ttie 
sum. We obtain, at last,^ . ^ . ; 

Ibr this method of subclivision, then^ we can bring* the error down below any giy^ 
margitf^ 'simply by taking n big^enough: given )a margin of error a we* take 
n > . . 

I€ may seem that we have not answered the question: IWiat ia the number A? 
All we know is that we can approximate^ A toAwi-^hin Bjxy given margin of error • 
Nonetheless, in describing the*' integral A of f from 0 to 1 as the limit 
*of a set of approximations we have left no rdom for ambiguity. Vp still rnely feel 




cheated* % would like to have a familiar representation for A like, s« 
A ^ ^ (which, by the -way, is just *what A Is in this case;. Later we sljal^L see 
in such simple cases how to obtain such a representation* Still, it is Important 
to know what we cannot expeqt 1^e * solutions of <$ur problems^ to take a ftotiliar 
foxput often tlje simplest emd most ccj^prehensible description of a number is its 
description as the limit of a set of approximations. ^ 

1*3 Problems Solvable Using These Cbncepts *^ 

The dierivative and the integral , are interpreted gecmetrlcally as slope and ^ 
area, but these are only two among a wide ra^ge of applications and interpretatl6ns 

The derivative is associated. with "VafSl^ion; in general, it measures rate of 
ch€uige.* Among the maiiy interpretations of derivative we have velocity, accelera- 
tion, electrical current, heat flow, strain, density* The integral ife associated 
^th totality 5 it generally measures the end result or net effect of variation. 
It has interpretations such as the momentum acquired by a body affected by a 
force, electrical charge ,^ ^n^gy^ work, volume, mass* Later we shall see that 
derivative and integral are conplimentary ideas and that the inverse' relation 
between them can be explpited to great advantage. The point is not the univer*- 
sallty of the two concepts above, but that there is a calculus a system of 

ic ^ 



reckoning^ vhlch enables u$ to BOlve, important proMems Involving these ideas*qfina 
to solve them simply and quickly* Just as science enriches mathematics by pro- 
viding concrete models^ mathematics* enriches science hy providing syst®Ea and 
organization* , 

, To develop liiis calculus we have mide an intuitive geOKietrical beginning,* 
The intuitive approacji is useful and suggestive^ but eventually ve. need to know 
^Just hovf far our methods vork and vhen they are likely to fail* ^br this purpose 
ve mast frame our ideas precisely and reason about them logically* ^ We shall not . 
attempt, hoifjever, to reduce the calculus to an^cmiplete deducti^ve systm*^- 
shall try to Isabel, our omissions,, however, so that you will be aware of the gaps 
to be filled if you undertake^ fxirther study. 
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CJhapter 1 

.IJJTRODUCa^ON . 
(second version) ^ 



We ahall otart out "b^. telling you what differential calculus and integral 
calculuu arc all about. For each of these subjects there is a fundamental prob- 
lem which can be formulated geometrically. The basic problem of differential 
calculus is that of finding lines tangent to given curves . The ba,slc problem of 
4ntegral calculus^ Is that of finding areas of regions "with curved boundaries. 

We next will exhibit a simple special 'tase of each of these general problems 

2 " *■ 
Example 1^. Consider ttje curve (parabola) y = x . 



.(2,4) 




(0,0) 
Figuffe 1. 



We will attempt to find the equation of the line tangent to this curve at the 
point. Pq(2,4). We note that since we know one point on this line (namely, the 
point (2,4)) it will suffice to find the slbpe m of the tangent line. The 
equation of this line will then be given by • ^ . 



y - 4 = m(x - 2). . 



One 



We are at a, loss to see lipv to find the slope of the tangent line, 
thing that ve can do^ however^ Is to^ choose anothei' point P(x^x ) on the curve 
and find the slope of the secant line cutting the curve on the two points 
Tji2,k) and l>(x,x^). 

The slope of the line is given "by . * 

• X - 2 

(regardless of whetljer x is greater than or less thaji 2). 



(1) 
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How think' of the point P as moving al6og the curve tovard P^* ^The line ^ 
PqP gets closer and closer to^ being tangent to the curve • One might think that 

P f ina^^ly coincides vith P^ then the line PJ^ Ad.ll he tangent to the 
curve* Unfortunately this doesn^t make any sense^ as the distinct points deter- 
iftine a line while two coincident points do not* This is furthe^j; seen hy refer- 
ring to the expression (l) for the slope of PJP which hecanes * 



k ^ k 



» = nonsense 



when P coincides with P-^» * ^ * 

It is precisely because this expression becomes nonsensical that -it is nec- 
*essary to Introduce a new, concept* And it is this new concept which distinguishes 
calculus from the mathematics which we have studied heretofore, 

Tihat we must do l&'to see what we can dbserve Vbout the slope of the line 



segment P^P when P /ls very close to P^,. that is^ when x is very nearly 
equal to 2. How the slope of P P^ for x ^ 2^ is, as we have* seen, equal to 



/ 



/ > 2 



X - 2 X - 2 . . ^ 

Now the leftrhan<y member of (2) is not meaningful when x 2, while the righ%- 

hand m^iber i?feanlngful, for all real numbers x. But it is only correct to say 

^ \ ^' ♦ . 

that X + 2 is the slope of P^P when x Is different ftrom 2* Yet it Is very 

easy to see that if x Is close j^O 2 tjtien x ^ 2 is close to If P Is 

chosen very close to Pq, then the slope of PjP is very close to ex- 

* X - li- 

press this ^act by saying "the limit as x-^ 2 of ^ ^ g> is A," which we 

11m ^ k. ^ 



- 3h the lanoiftge of differential calculus we ^11 say that the derivative of 
the function y * -at ' x » 2 "^is i^. This vafue*^^ 1^ is then the slope of the 
snt line to the Qxa^ y = xf at the point (2,1*), and the equation of 4e 



'tangent line is then 



Exanrple 2, Again, look at the curve y = x^ 




figure^. 



We vill attempt to find .the area of the region R, sho^i^n Figure 3, bounded h^f 
the' curve y = x , the x-axls, and the line x = l. 

• Althougri we don't know at the outset how to find this area, we do know how 
to find the area of a rectangl'e. Let us therefore attempt to approximate the- 
area hy means of ■ regions canposed of rectangles , * , ^ 





0 lA a/'. u/> 1 

Figure 4* ' 

The region R is contained in the shaded region S in Hgure k and contains the 
shaded region T of Figure 5* Thus ' . , / , 

area of T < area of R < area of S. 

The areas of S and T .are easily found as the sums of the areas of the compo- 
nent rectangles; - In both figures the widths of the rectangles are all ^. Tlie. 



heights of the jrectstfigles of S are . ' 

, • • .r. (in ir- (r'^r- 

» • ■ ■ ■ ' ■ . 

!Dae heights of the rectangles of T . are .* 

r\2 /8\2 



n!hei;efore 



/ 



a;rea of 



Ands now ^ < area of R <^ ♦ 

5 ^ 

Usiiig the same method vith a larger ntanber of rectangles gives a cloier 
approximation of th^ of R, 




n n n 




n n n 



Here 



/I 



area of -4^<-aa?ea of R < area^of U. 



Again the areas of U and V ere simply computed as the stims of the areas of 
the component rectangles* Thus ^ 



area 



\n/ n \n/ n \n/ n. \ n / n [n} 
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It is easil;^ shown by matbferaatlpal Ind^ 



^ P p 2 2 n(n l) 
1^^-^ ^ 3*^ + ^ n"" = . 



Therefore ^ , 

2 



-ea Of U = -i— ^3 - / J - 3 ^ 2n 

eund 



area of Y = (area of U) r n 3 " 2n ^ * 

' * * on V 

ihuB we find thaV ^ / . * 

This inequality must hoW for bXI values of the positive integer , n. THe right- 
hitai and lefji-hand members, of this inequality can be made as close to as we 
wish by ^oosihg Ji sufficiently large. We say that..the limit as n becomes 

large wjLthout bound of (§1®^+^) ^^ j. ^Similarly, the limit ^ of 

fi . JL + ,_i-^ is i. !Che number k is the only number which lies- between 
» on * * , 



T- . • 1 ^ * 

It is evident then that the area Of R must be equal to In the lan- 

guage of integral calculus we Vould say that the integral of from x = 0 to 

X = 1 ,is equal to ^. This is written • . ^ 

* 1 " " '* 

. : • = ' . ; 

We have in the- above seen two problems treated in a jathe^r intuitive maimer, 
one 'illustrating the methods of differential calculus, th€ other illustrating the^ 
method of integral calculus. In each of these problems the idea of a limit 
cropped up. This limit concept is the founda;tion of*'calculus. 

There Should now follow a list of about a dozen striking problems which can 
^ be solved by methods pf calculus, for the purpose of giving the student an idea 
of what calculus can do. ' ' 



>^ STDPEHT TEXT 

u chapter 2 , 

£♦3 JVinctions » ^ 

The Qttoxt of -the scientist t ©'understand our environment and l^at of the 
engineer to control it lead repeatedly to the attm:pt to detegrmine some quantity 
xmamhigufilistty in terms of others. For example, an.astronau1;ical engineer vho 
calculuQtes ^ttie position of an orbiting satellite ma^ fix its location if he kftows 
the time elapsed ^ince the launching rockets cut off, the pd^nt where cut-off 
occurred, and tie speed and direction of motion at the instant of*cut-o:^f . "IS? the 
engineer it is imperative to luaov that this ihformation is sufricient^p deter- ^ 
mine tihe position of the satellite; in other vords, that there 31 s a functional 
dependence of position on the other d&ta* Examples of this kindXcould be multl-* 
#lie^ endlessly, but it is clear enou^ from this typical Instancey-that the ele- 
ments^ concept^of functidnal dependence permeates* the .body of scientifip^ thought • 

A view of the idea of Sunctional dependence may be useful to jog ou](^ memo- 
ries. Loosely stated, a datum y is functionally dependent upon datt 

x, • x^* X if each assignment of specific values to the data x. dfcter- 

1.2 n ^ , ♦ ' \ 

mines y uniquely. *JThe relation between y and the is called a f^ription , 

and we^ write * . 



y = f(x^, Xg, x^) 



or, equivalently. 




f * ( x^ , Xg, » • • , x^ ) y 

to indicate .the functional 'dependence* Botl; expressions^ may be read, "f is the 
function which maps ^ fx, , x^) onto y." Often y is referred to as the 

Image of (x^, x^). Fbr exkm^TLe, the area A of a triangle is functionally 

dependent upon the altitude h and the b,ase bH 

•A = ^bh . 

An instructive exarapje is the record of atmospheric pressure ^as^Tunct ion of 
time plotted by a barograph at a fixed weitther station. The pressure Is function- 
ally deppndetrt upon the time since at any specific time in the historical record 
the pressuji^e is uniquely deterained. Clearly, fijnctional dependence does not 
necessarily imply cajisal relation as in the^ satellite problem; the prdsaure can 
hardly be- said to be caused by the time. Purthemorej, l\inctional dependence does 

Rir - ■ . - 



/ 



not impl^ any "lfiq«r" or •^rule** like that detemii^ng the area ot the triangle • 

There^is^Ab loiovn rule for specl^yiJ^g tJ^® :5ressure at a^ given time apart tra^ the ^ 

historical record^ ..ye neitiber Imov 'wbat the 4it^pheric pressure was five h^i?icbctecl^ 

;years ago nor4 precisely \*iat' it Mil he next ' 

Here ve shallt'treat oi^ly functions of the form^ x^^y^ vhere x and^ y 

real numhers^ It is not necessary that a functional dependence he defined for all ^ 

real values of x.. lor exanrple, the function * . 

- ^ ^ ^ } 5 • ^ 

H " f : X VI - X 

^ - , ^ -.f . - ■ _ 

' * ' \ ' ^ ' ^ i ^ - " 

is defined only for x satisfying -1 < x <.l. !Ehe set of, values of x for 

. -vAiich the function is defined is called the domain of the function* The imge of 

^ is denoted hy f(x) so iJfiat ve vrite in this particular^instano« 

* • f(x) = A - X? . . ; - 

and, similarly, for specific valuer of x ve may write ^ » 

f(i) ^ 

. ' *~ - 5 ^5 , , ^ , ' • _ , 

A • f(0) = 1 * 

etc* \ 

The-^set of images f(x) for x in the domaifi of defi nition of f i^ called 
the range of the* function. For Uh3 function* t\ x -* A - x^. the SIR consists 
of all values y satisfying 0<y<l» 

It is usually convenient to think of a i^anction In terras of Its graph, that * 
1 is, the set of points (x,y) such that y = f(9) (figure ^ ^ ^ 









^» 


y 

♦ 




>» 








o 










* 

} 



Mgur^^ 1* 



property of a function that each values of x ^iri Vhe don^^^n ^eiedrthines just 
value of y is reflected geometrically In the fa^t that a vertical line. 



s, X « coas-tant, Interaects the'gre^ Itt no more than one point. In other words, 
the graph ctf a IXaictlon la a set of points euch that no tvo points can have the 
same x-coordlnate. OJhlB • consideration leads to the foiroal definition of a real 
^^mrtinr^ ft Rf>t of Qxdered ■B&liia-l?JtJ::fial^?fflfegX^ th^t^ no.tvo pairs have the 

4 i;lie 'seme first member* We shall not concern ourselves with the formal definition 
except to note ttiat the choice rof a*first memher or element of the domain of tlje 
ftmctlon \miquely fixes the second m^ber or element of the range^ eoid therefore 
.a functional dependence Is obtained under the conditions of the definition* 
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♦ fibapter 3 
fpHE DERIVATIVE 



Let us'return to the first example in the introduction. Here ve sou^t to 
find the slope of the tangent line to the cxirye y = at the point (l,l). To 
th" B end we. found* the value of the slope of the secant line throu^ the points 
and ?{x,x )• , This slope is seen 

io be Nov we let the, point 

approach tl^e polixt Pq alpng the curve. 
That is^ ve let x h^come very clo^se to 1 
and look at vhat happens to l^he slops of 



PqP. How 



s3Sppe of PqP = . ^ 



^ X - 1 




P(x,x^) 



X - 1 



^br X not equal to 1 xe see that ^ _ is equal to 1 vhile, if x ap- 
proaches l,^then X + 1 approaches 2. We therefore say that the limit as x 

approaches 1 



of 



xg- 1 
X - 1 



is 2. We vrite this more coaopactly as 
2 



lim 
x-^-l 



X 



X - 1 



= 2. 



at 



aaius,,_we^ncluded that the tlope of the line tangent to the cusve y = x 
the polht (l,l) is 2. Since, this line also passes through , the point (i,l)/ 
its equation is ^ .*» , ^ 

y - 1 = 2(x - 1). * * ' 

Remember that it does not make any sense *to substitute J. for x In the 
e:}q)resslon — or f^hat is saying the ssttne thing) to consider the line deter 
mined hy P_ 'and^, P imen these two points are coincident* What we have done 
instead is to investigate the limiting value' of ^ as x appro^hes -1. 



X - 1 

^ - • x^ - 1 ' ' 

This limiting value was easy to see when — — r- .was expressed In the form 
. . X - 1 

- - ^ (x ^ l)* Later on you will see a precise definition of the^iinit concept • 

For the present we ask you^to work with limits In the Intuitive mahner exhibited 

In this example • ' " « a.. 

Now ve are ^ ready to generalize the ideas pr^ented in .the above exangple. ^. 

CJonslder a function £ and try to find the slope of the line tangent to its* 

graph at the jptoint P^ta^fCa)]* We proceed ;)ust^as in the above example* Choose 
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' another point on l^e curve P[x^f(x)] and find the ^lope &t the aecant line 
' through these t\fo points. . ' 



f (x) - f(a) 




3!he slope of this line is given "by*. 

slope Of P,P= ^.^^X- f^^) . 



X a 



ISfow ve let P move along the 
let X approach a. ^ Then the 



curve toward ^ or (-vdxat is saying the sme thing) 
limiting value of the ratio Is the 



X - a 



slope at the line tangent to the graph at the point, [a^f(a)]. Note that the 
ratio ^ 

f(x) - f(a) ^ 

is ^meaningless vhen x = a. We cannot let x*.^ a in this ratio* We mxst let x 
approach a and find the limiting value of the ratio* 

We are now ready to make the most basic definition of differential calculus. 

Definition 1* Ttete derivative of f at a written f^(a) is given hy 



x**a 



X " a 



We shall jsee that the *dferivative arises in many other problems than that of 
finding tangent lines to curves • * 

* Consider an object br particle moving on a line* Let s(t) represent *he 
displacement* of ^ the particle from a fixed point on*the llne^ displacements on one 
sitie of ^he point being"* positive, displacements* on^ the other side being negative* 
^Now consid^ the problem of defining the velocity of the particle at a particular 
"tim^ t^* We cannot* see what this should be at first. It is easier to consider 
average velocity. The average velocity between the times t^ and t^ is defined 
as being the change in displacement divided by th^ elapsed time. That ±s, 
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The student will probably agree that t|p find an approximation to the instantaneous 

■ ■ • , . . . ■ - 



velocity,, at the time t^, he would Ghoo§e a time t veiy close to t^ jand find 
, the average velocity hetween times t^ and t, ■ \ , ^ 
/ - • s(t), - s(tQ) 



" ; . -^0. * • 

©le closer t ia to t^^ the better the approximation to 1die instantaneous velo- 
city at tjafle t^. It should seem reas5nahle then to define the instantaneous 

velocity at time - 1^ to he ^ 

• ° s(t) s(t J 

^ ^ V(tQ)^lim ^ ^ \ . 

Comparing this e^^ression with the Definition 1^ we see that ^(^f^ nothing 
more nor less than the derivative s^t^)* The subject of differential calculus 
^is devoted to the ex^oration of the applications, and consequences of the defini- 
tion of the derivative. 



'iKiere follow two examples showing how to compute^ derivatives . 

n f ^defj 
f(x) ^ 



: Example X » We consider the function f defined hy 



and conrputQ f'(2). 
definition 



f.(2) . ii^H^Lzfl^ 



= lim - ^ 



^ X - 2 * 
x^2 



Bow, recalling how to fact^or the difference of two cuhep we see that 

^ - 2^ * (x - 2)(x^ + 2?c + U). 



X 

*Chus \ 



f»(2) - lim r-^r^^ ^ 2x ^ h). 



^x - 2^ 
x-^2 



X - 2 



Here as x approaches ^, the first factor r remains equal to 1 ^ile 

2 X - *L 

the second factor x + 2n + 4 approaches 12 • Therefore 

^ f»(2) - 12. 

e 2* Let g he the function defined hy g(x) = Vx. Hnd g'O). 
, !r ^]ey definition / , x cfv) - ir(^) 
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We .are used to rationaliziiig the denomiaator of <fraGtions» Here it turns out to 
"be useful to rationalize the JHumerator. Thus , 



Therefore 



• X ~-3 _ - 



x-^3 



x-^S 



X - 3 

Mow, as X approaches 3, the first factor 7^ — ^ * remains equal to 1 while 
the second *ac1;or -. >. approaches — 7= . ^Bierefore ' 



e 



(3) = 



2^' 



' A slight change in our nota;^ion makes it possible, by using the same methods • 
as above, to- find the values of f'(x) for all values of >x by means of a single 
computation. Consider a function f and considef the problem of finding the 
slope of the line tangent to f at the point pQ[x,f(x)]. "Again take another 
point on the curve P[x + h, f(oc + h)] and find the slope of the secant line 



P^+h, fCx+hj) 



We see that 




f(x+h) - f(x) 



slope of PqP = 



f(x + h). f(x) 



Letting h . approach 0, then P approaches Pq and we see that the slope of 

the tangent line to the curve at the point [x,f(x)] is given by 

lim h) - f(x) ^ therefore have an alternate form of \he definition of 

h-^-O 

the derivative. • » , 

Definition 2. The derivative of f at X written f*(x) is given "by 



f'(x) = 11m 
. •* h-»0 



f(x ■»• h)»- f(x) 
h 



We see from this form of the definition tha^ , differentiation (the name for 
the process of obtlilnlng the derivatl^ve) yields a new function f ' called the 
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derlvwl functioa <tf f or <laigp3y the derivative of f. Sttie writ for Ebwiaple 2, 
UBlng this notation^ is as foUoms 

Examtpie Qa . g(x) a t^, to find g'Cx). 



Hy tt^flMtion 



h*0 

11m 



Vx + h - 



« ^ /-— r Vx + h + ^ Vx + h - Vx X h - x h 

. Noting that Vx»+ h - Vx « "■' ' — — 7:: • =5 = ' ^i-tw-ij p » /-^ » 

Vx + h + Vx Vx + h + Vx Vx + h + Vx 

we have v ' . 



,/ \ Vx +' h + -t ^ ,j h 
g* (x) = lljmi r = lim r • 



h-^0 



$As h 



h 



approaches 



approaches 0, the first factor r- remains equal to 1 "Wtolle '>i— i— "■'■■-tf 
^•^ ' 3^ J h ^ Vx + li + -hi 



Ti:]^s 



g'(x) = --=. 



Ihe derivatives of the sine euid cosine functions * 

We will compute the derivates of the function 

• ^ f(x) sin , . 

but first it vlll be necessary to recall how sin x ' and cos x are defined. On 
the tmit circle In the Cartesian plane (i*e«^ the circie ^th center at the orl*- 
gin and radius l) measure off In a counterclockwise sense frcM the point A(l^O) 
ah arc of length x. ^ 

P(cos Xj sin x) 




Drop a perpendicular PB from the point P to the line OA. 



lEhe length i of the segasxA AP Is leos than |x| (straight line la shortest 
distance betveen tvo points)* fEhe length m of the segnent AB Is less than 
i.. (Hypotinuse oiyright trlanjgle is longer than either leg.) lEhe length m of 
the segment AB is equal to 1 - cos x» ©lus 

jKjL 1 - cos X » m < i < |x|,. 

'Iherefc^lr i . ' - 

1 -^x| < cos X. V, (l) 

NovgLet us compute f*(x) >*iere f(x) = sin x» 'By definition (l) 

f-Lc) =\lm ^ ^^^^ - llM "^'^ ^) ■ ^ . 

3^ 'a vell-known formula trlgonametry, / * 

sin (x h) « sin x cos h + cos x sln'h* 

" V sin X cos h + co s x sin h - sin h 
f'(x} ^ lim ^ , : '■ ' 

-14 r ^ sin h ^ 1 ^ cos h i 
~ lim Lqos X • — — - sin x ♦ j - J • 

It is evident f3x>m this last expression that it is necessary to del^erminie ^at 
^ s in h " 1 cos h 

happens to th^ 3catit>s — ^ — and — as h approaches 0, 




sin X 



Let 0, A, P, B, X be as In the preceding figure with 0 < x < ^ . Draw, a per- 
pendicular to Ok meeting OP extended, at Q. ISote that the length of 

PB = sin X, length .of AQ = tan x. Further note that 

f 

triangular region QAP < 3€fctor GAP < triangular region OAft 



so that 



area of AQAP < area, of sector CAP < area of Z^Q, 



ERIC 



®ie areas 'jCKf these three, regions are seen to be 

area of AQftP = ^sin x 

i ■ 1 

~ area of sector GAP - x 

■ — :^ area of TiCl/iy = -tan x. 



©lerefore 

» 

or 

yheci^e 
so that 



1 1 1 

'gsin X < — X < ^tan x 



sin X < »< tan x 



sin X cos X 



^ V. sin X ^ 



tOT P < X < (It shduld also he cle^r that this formula. holds as :well for 
-•^ <^x < 0.) Recalling from (l) that oo^ x > 1 - [x| ve have 

> • ■ * " , " • 

- . sin X >^ , I I . ■ 

1 >— Y~ > 1 |x| 

for 0 < |x| < ^. 

/ I I \ sin X 

Bbw^ 11m (1 - |x| } = 1 so ttiat — — , vhich is squeezed between 1 and 

1 - |x|> must also approach 1 as x-* 0« (Ehus 

sin X ^ sin h 

^ lim — — - « 1 or lim — r — = 1* 



2 X 



Becalling the dPoamila sin 9=1 <?^cos 0, ve see that 1 - cos x = sin ^ so 
that p 

X x^^r*x*x** 

3h this product it is seen that as x-** 0 the first factor approaches 0 ^lle 

each of the other factors approach 1. Therefore 

1 - cos X ^ ^ . 1 ^ cos h 
Q^jljgj « 0 or .lim r » Ot 

Bow we ore ready to retura to the prphlem of finding f*(x) where 
f(x) = sin x» We had aaxeady showft that 

f'(x) ^ liM ^ - ^ - COS x - ^ - ^ Bin x)> 

Since ^^-^-^1 as h-*0 and ^ ^ ^^^ ^O as h-^ 0, ve find that 
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S!FUDENT TEXT 



®mpter h 
1 LBCTTS 




means that * ^ gets closer and closer to 2 as x gets clpser and closer . 
to ly The trouble vith this alleged "definition" is that it involves the use 
OlT the expressions "gets" and "closer and closer"^ which have no precise mathe- 
DualTical meaning and may, in fact, mean different tilings to different people. 

We certainly ho not wish to "knock" Intuition j it is in the intuition that 
all concepts originate. In fact, o\ir intuitive idea of limit was adi^quate to 

handle all the limit problems met in the* last chapter* After the discussion in 

* X *• 1 
. that chapter the student should be convinced, for example/ that 11m = 2. 

The student ought to feel that any improved definition of lipit had better yield 

x2 - 1 *\ ♦ 

the answer 2 for lim \^ ^ ^ or else this definition is Just no good. 

x-^1 " ' , . ^ 

The intuitive idea, of limit has been quite useful and has enables us to 

solve a number of problems* But as we strive *to extend our ^knowledge of the pro- ^ 
cess of differentiation by deriving various rules and consequences or theorems 
relating to differentiation^ ;the .intuitive concept of limit becomes inadequate. 
What is needed is apprecise definition of limit in terms of previously encoun- 
tered mathematical concepts^ such as num^ber, equality and inequality, and the 
logical idea of \ 



if * « . , then ... * 

j The proper definition is; however, not very easy to come by. In fact, for 
15p years after the, first great flowering of the calculus, inspired primarily by 
Is^ac IJ0wton, the greatest minds of the age struggled with the concept of the 
limit before the precise definition was finally foxmulated* We do not expect ,the 
student read4.ng this text to spend as long as that in mastering the concept of 



I, 

We have, seen in the previous chapter that the basic concept of the derlva- ^ i 
tlve was defined in terras of limits *in this way: 

X a 

x**a 

What is meant by a limit we left more or less to the intuition. We did give a 

stat^ent that looked somet^at l^e a definition when we said suoh things as 

.2 
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limit J tut neither do ve expect this mstery Ito come overnlgjit*^ We expect, based 
on a great deal of e^qperience vith other students, that the reader will require 
several years to develop c<»splete insight into the implications of this defini* 
tion and to develop the technique b;^ using it properly to prove theorems^ We 
. emphatically do not mean to assert that the student vill be unable to go on with ' 
the study of calculus until he has thoroughly mastered this definition* Analo- ^ 
gously, we would not bb^ that a student cannot learn to play the piano without 
^having first mastered al^l the intracacies of the musical theory of haarmony* 

Let us return to the phrase "as x gets closer and closer to a then f(x) 
gets closer and closer to This can be e:j<pressed in the form "as the dis 

tance between x and a gets very small then the distance between f(x) and* L 
gets yejry small," or, equivalently, "As |x - a| gets very small, then 
jf(x) V Ii| gets very small." The word "gets" seems to tie the whole! concept up 
with tte idea of motion from which we should like to disentangle ourselves. We 
^ mi^t try the wording: "If |x - a| is sufficiently smal|^ then |i(x) - L| is 
very smaXl." \^ _ 

It will pay us to forget for a while the smallness of |x - a| and fix our 
attention on the smallness of |f(x) - How small is small? Will it help to 

show that lr(x) - L| < .1? to show that |f{x) - Lj < *6lt We recognize that 
smallness is relative. We can say what we mean by asserting that one! number is 
smaller than another, '^but not what we mean by* saying that a number isl small* 

It doesnH help to show tjiat |f{x) - L| < *1 or that . |r{x) - i| < •Ol is 
less than any pa^^icular "standard of closeness •" ' \ 

If, however, we were able to say that |f(x) - L| is less than any "stan- 
dard of smallness," i.e., that for any positive number €, ^ |f(x) - l| < €, then 
^ely we wQuld be justified in saying that |f(x) - l| ijs small. The trouble 
wim this is that if j^or some value of x, (f{x) L| < € for every positive 
number e, then for this value of x, jf(x) l| must be equal to zero. For if 
lf(x) - L| = a > 0, then it is not true that ' |f(x) - L| < |, so that 
|f(x) - Lj < € does not hold for every positive number €. 

Such considerations ^ed eighteenth century mathematicians to grope for quan- 
tities called "infinitesimals" which were Infinitely small, yet not zero. As we 
can see, such quantities could not be numbers. Today such ideas are completely 
rejected and relegated to the categoDry of mysticism with the "philosopher's time" 
and "phlogiston." Happily there is no need for such mysticism* 

Returning again to the problem of showing that 

|f(x) - L| < € 



for evejpy posltiye ngniber €, ve vlll find that we can actually show this if we 
reverse the order of doing things. That is, first we cpick the positive number € 
and then show that for certain numbers x we will have 

. lf(x) - Lj < * . 

Thi^ set of these' numbers x for vhich *this inequality hoXjis vill depend on the 
choice of €. We do not Bay. that tlxere are aiQr n\iiQbers x such that ^ | 

hol^ds for^all positi^ite numbers €. We rather say that for each positive numlJer 
€ there are numbers x for \rtiich 

|f(x) - l| < e. ■ 

Now we ask, "For what values bf x do we wish to he able to show that 
jf(x) - L| < e holds?" The answer Is, "for all x sufficiently close to a," 
or, "for all numbers x within a certain distance of a (but not equal to .a)." 
In other words we would like to be able to show that for eveary positive number e, 
there cstn be found a positive number 6 so that for all nximbers x in the inter- 
val (a - 6, a + 5) (except for a itself), we will have |f(x) - L| < e. This, 
slightly restated^ is the desired deWnition of f(x)^L as x--^a. 

Definition > We say that f (x) L "as x-^a If for 'every positive number € 
there is a positive number 6 such that^ if G < |x - a| < 6> then 
jf{x) - Lj < 

Put back into "Irie sort of language we started out vith, this definition might 
be warded: no matter hov close it might be required that f(x) should be tV) L 
(within € of), this degree of blosenessy^an be guaranteed by insisting th^ x 
should be sufficiently close to a (withW 6 of), • 

It is remarkable to note that in the flnaf definition there is no mention of 
CTiallness*. What happened to it? Where did it go? The answer is that the idea 
of smallness is hidden in the arbitrariness of €. If we can obtain a suitable 
5 for every positive * then we can certainly do it for small € no matter 
Tirtiat we may mean by small • J 

The meaning of the jibove definition is best appreciated if we see what it 
means geometrically ♦ . We wish to show that f (x) L as x-^a* (We will first 
consider the problaa without the ^graph of f being drawn so as to avoid aiiy 
bias,) Hrst locate a on the x-axis and L on the y-axis, as in Hgure la* 

Next choofee some number € > 0 and draw the lines y = L € and y* = L- €. 
Nov we must find a niMber 5 > 0 so that for any number x in the interval 



Figure la. 



Figure lb- 



Figure Ic. , 



(a - 6, a + 6) exceiyb ^^-^elf, f(x) vtll "be -between L - € and L + 
.see figure" Ic." This meajfe^l^iat for all x with O < |x - a] < 5, the point 

[x,f(x)] of the graph of f will lie in the shaded horizontal strip^of Figure 
Ic, Thus all points of the graph of f lying in the shaded vertical strip will 

also lie in the shaded horizontal strip. Next we repeg^^e drawings of Figures 

Ih and Ic with the graph of f included. 





* Figure 2sl , 

With € as ii^icate^SpRgure 2a we have succeeded in finding a number B with 
the required property in Figure Sfb. We can see that we might have chosen 5 a 
little larger or \g be any smaller number than we actually did. ^We were not re- 
quired to find the least possible value for -6, ^ust a value, and that did. 
We note that finding the 6 for this particular € does not show that f(x) I. 
as x-^ a, but if \f§ could show somehow that for 'every e > 0 there can be found 
a 5 > 0 with the desired properties, then we could be sure that f(x) -» L as 
x-^-a. 



Before attempting anything so ambitious as showing the existence of a suit- 
able 6 for every €, let us consider a problem in which/we show the existence 



«f a Bultable 8 for a particular €. ' . 
la the problem of ehowlne that 

x^-» 4 as 2 

vie vould have to ^ow that for each € > 0 there is a 6 sucjj' that 



if P< |x - 2| K b., then Ix*^ - €. 

Let UB see -iftiether we can find a suitable 5 when € = .5. We must find a mm- 
her b > 0 such that for all numbers x differing from 2 by less than x 
will diiTe^ from k b;^ less than .5. * Let's t^ ^ guess, Try 6 = .1. Now> if 
0 < |x - 2| < 6, then 1.9''< x.< 2.1, so that 3.6l < x^ < hMf_ So that ^ . 
y39 < x^ - 1^ < ,41, -vrtience Ix^ - 4| < .kl, A lucky guessl 

^e student might be interested to know that for this particular problem, ^ 
i.e., showing that x 1^ • as x-* 2, once . € >0 has been chosen a suitable 
may be found by choosing ajiy number satisfying 0 < 6 < Ve+T ^- 2. We show this 
graphically 




A number 5 vill "work" or a given € ljb»^he point ^ ie^b) lies in the shaded 
region* We remind the student that in tfcese problems ve never neM to find the 
largest 6 ' vhich vijj.^yk for a give/ This graph does Illustrate tvo^im- , 
portant facts^ to wit: . ^ ' ^ 



if a certain 
smaller 



rtain value of 6 will work for a gl,ven value of then any 
'(positive) valuipr of 6 vill also work#for this €; 



and 



if a certain value of 6 will work for a given value of €, then this 
value of 5 vill work for any larger value 



These properties are equivalen-^o saying that the graph of the suitable values 
of 5 and € is always the region below the graph of a monotonely increasing 
function* 

Let us look at a particular problem and try to find a suitable 5 for each 
value of jE* Consider the problem of showing that 



1 A 

2 as X 



1. 



\ * 1 + x"^ ^ - . f 

We mst sfiow that for evei7 € > 0 there is ^ 6 > 0 such that 
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1? 



* ' " * L 1 ll 

if 0 < |x - l\ <JB, then [ ■ . a ' 2 < ' 



•IteigiBi aingly; let g > Q« We - 



;ime being ve eeje vbsA ve can learn about \Aat« 0 < jx - if < 6' ImpUes a"bou%* ^ 

positive number 5* "be ch^n. . Hov; 



' ;lme neing ve eeje wna^ ve can jieazTi i 

* * ^ i - 4^ ./rejaardless of hoy the : 

• . . V if 0<^ X - 1 < 6* 




then 



1 + X 



2 - 1 - X 



^(1 x^) 



1 - X- 



2i 



_ ll ■ xlll ->- x|. 
2(1 + x^) • 



2(1 + tT) 



2(l + x^) j 



These easily followed steps 
Tare all algebraic simplifi- 
ca-tions ^Ich dq . not make 
use of the fact that ^ 

; 0 < Ix ij < 6' 



Frcar ihs fact that . 
*|x*- ir< 5* 



1 + 1 + X- + x' 
1 + (1 + x'^^)) • 



i-^-i^L—gj Triangle inequality. - 



Since size of denominator 
has been decreased. 



< 6 



..ajie last .step* .above follows from the fact that for all numbers x the numerator 

^ M • is less'thali the denominator, which in turn follows . 



of the fraction 



1 + (I + X ) 



' from the fact that for^ll^'niinbers. x we have |xh < \ + x^.' OaHs is obvious if 
|xl < 1, while if UL> 1 then h\ < x^.. Wot having said anything about " 6 
. ••■ (except' that r it Is positive), we J^ave succeeded iV showing that- 



♦ if 0 < jx - l| < 6, then 



1 + x . 



•< 6 



.\, (i.€0,.-any^nTinber x satisfying 0 < |x - l| < 6 will also satisfy 
'♦1 ' 1 ^ i^v.^/s*.«,* R dniinl ±.n *f. It. will thercft 



1^-+ X -v 
that 

It ^ 



< 6j. If we now choose' 5 efqual to it will therefore be 'true 



it ,0 < 1x - l| < B, then 



1 + X 



1 

2 2 



1^ 



[ ^ 



s . 




LBCETS- - SUPPLEMENT 



Almost the only vay in i^ich one can see how the €^6 definition of a. limit 
came naturally out of ^ the intuitive concept of limit is through a geri-es of ques- 
tions and answers which forc^ the refinement of the ideas, '. We therefore present 
the following imaginary conversation between two high school calculus students t 
It took place several y#ars ago, This explains why the dialogue .is not 'in the 
most up-to-date.teen-age Idicim. ^ * 

Joi^n and l^piry are just walking »down tlie hall'^fber their last period .cfricu- 

^ . ' " ' ' ' ■ ^ ' « 

lus class. As. the discussion gets more InvoJ^ved^ they walk int^o an empty class- ^ 

room 'and continue the discussion at the blackboard 

Mary: I dl^^inH understand that limits business at* all; * 

Johiu, I thought r^understood it. pretty well, What^s your problem? 

^ * 2 

Jfery: Well, the teacher -asked me wliat is the limit of ^ix as x ^approaches 2^ 
and I didn't know. v / Vj^fci ' 

\-y, ■ - ■ ■ 

John: That's easy; the^a»swe:r is * * " * 

Mary: I see* *^You ^st subntituted P for x in x and got 

JohJir Ho. That':; not it> at all,* It doesn't have anything to do with* what hap- 
^ . pens when x is e^ual to 2, Say— wait a minute^ — that is hov I got the 
answer 1^ isn't it? . * ^ v * ^ . 

Mary: You're doing a great Job of explaining this, - - ^ ^ 

John: Mow Idok, Mary, If you take that attitude you're never going to understand 
ariytj^ing about limits. *. . • " 

lfejt7: So what? " - ^ , . 

John: . lou're studying differential calculus • That's all about derivatives. 

You're interested^ JLn derivatives, aren't you? ''^ ' ^ ' ^ 

Ifery: W^l-l-l-yes, but , * U • \ * ' - 

John:^' Well, derivatives* are defined in terms^ of limits, and,^ unless you under- 

stand something about limits you^can't understand derivatives — not really % 

Mb^: 0»K, Let's tfry agains * T . . - 

John.: ^You see,' someltimes ^you can get the answer that way--by substituting in,\ 

• * * • * ^ sin *x ^* * 

4|»but not always. For exaftiple^ :^he limit of — - — as x appi:6aches 0 ^is 

*-* » *slnx^* 

i, and you can't get that one by substituting x]^0 *in — can you? 



Ifery: Goodness mel If yoyi substituted x = 0 in -3^, you would get. ^, and. 
everybody knows abo'Cit that. . ' * ^ 

John: - That's the idea. Now, when I say that the limit of x is 1* as x ap- 
proaches 2, I meanjthat for numbers x' which are very eiose to 2, thp 

* ' ' vaJiie of x^ vin>e>ery nearly equ^ to 4j that is to say, if you use 
® l^ in place of x^ .the eJror wlll be vei^ small. • ^ 

tfary: ^all? You mean like -1,000,000.' . - " ^ . «' ' 

John* Whal? Ch^ good'gtief, I see what you're thinking. You think that by 

small I mean far to the- left on _ the number line. That isn't -what I mean 
k% all. What I mean when I pay that »t;he error made in using ^.in place _ 
of- x^ is small is. that the di stance between the numbers x and k > 

• be nearly zero. Maybe it would have b^en clearer if I'd said that' ^ 

s. 41 .will be small. ^ ' . ' * o 

■ ■ , - ' ■ ' - . - ' ■ . • • \ 

mj^:. Yes., that is. clearer, but I'm lo'sing the gist of the argument. » 

John: ! Well, it adds up to thi&. What we mean when we say that the limit of x 
is h as X approaches 2 is that for values of x close to 2 the 
'value of jx - h\ will be small. . ^ « 

Maiy: What's so speciaihk about . ^n't it also be true that 'the value of 

Ix^ - U.ol will be small? C • 
vJolTn: Oh yes, but not nearly small ehough'. ^ For values of x vgy, veiy close 
to 2, the vBLlue of |x^ - l^.Oj ' be about .01, which isn't so veiy 

, small. . ^ 

• • * ' * * 

Marj^t I don't get it. What 5lo you mean by small? ^ How small is small anyhow? 

John: I guess ^at I really m4an is that jx^ - h\ is as small as iyou like» Mb 
matter how small a positive number you, give me, *I can show that Ix -M 

^ is still •smaller'* * » V 

Mary: That voulcUmeanHhat - h\ "^wou^d have/to be less tRan evi^ry positive 

; * » . • " - ^ ^ 

> , nuiKber. 

John: * Thi(.t^s right. ^ ^ ^ ^ . ' * 



Maivt' But since -^^1 the absolute Value 6f soiaethlng, it canH ..be les? 

than zeros " ' * 

.John: ,That's right. ^ ' » 



, ^ Marys Well then^ jx • 4| can only be zero betjaufle there is no posftive maaber 
which is less than eveiy positive number. But if • k\ is zero, then 
X is eq^ual to 2 or -2* ^ ' % 

John: Oh, veil, you see— hm-xn-m. Now that is how^s tl fat afi^in? 

Maiy: I said r * 

John: No, I remember what you said. But, let*s see wel-1-1 goeh, 
you've got me all mixed up/ 

MBory: Goodhye, Johiiny. * * , * 

. John: Just a minute, just a minute. Vm beginning to see It now. DonH go away. 

Mary: O.K* What is itt ^ . * * , . 

John: Look*. ^Here^s how it goes. VSien I say that ^he limit ofliox J.s ^ as x 

It . ' ' ^ ' ^ 2 " 

approaches 2, I mean th^t the error between x and h can be made as 

* small as you J.ike by requiring^ thert x he sufficiently close to 2. That 

is, If.^Vou pick oiat a number and say that you donH want the error to ex- 
ceed Jthat, number, then I have to fln^ another numbe|rsso that, when the dis- 

tanc^ bet\{een ^x eind 2 is^* less than ftiy number, then the error between 
2 • ♦ , ^ 

^ X arui h will he less than your number. 
" J4ary: Yox^can»do tljat? ^ \ • ^ * 

John: !Ery me. • • , *. * 

Llin: What? * . • . . " ♦ 

Mary: J doi^H want the error to exceed . 



John: jJh, yes. Well, let^s see; that means that I have to find another nximber, 
. ^ ^ 1^11 call it d, so that when the distance "i^etween x and 2 is less than 
^ d then the e,rror will be less than/ .3* Maybe it would be easier to sjtart 
by looking at the graph. " \ ^ \ 

i,J-^ — ■ 
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John: 



!Ehere la the giraph of f(x) « x • The x la the helijht of a point on 
the ^raph. You vant ' x^. to "be within ,3 'of ^l^^so that-l^w±li- 
horlzontal lines at a distance .3 from the line y » U both above and 



below. 



3.7 








^ M 




mm' ^ 
mm * 

\ ' 
/ ^ 




la 

i 



\ 



John: 

\ 4 .* 



The values of x for si^iich x*^ is within .3 of k will be the values 
of X for which the .point on the graph lies between these two lines . 

I'm vith you so far, , 

How^ ,1 look at the points vhere these two lines cross the grajh and 

drop projections, I get this picture. » j^^^j ^ 

^..3 ' 




John: 



Mary; 



.^hn: 



Now, *if I let d be the smaller of Hhe two numbers i^HI - 2 and , ^ 

g - i/jr?,. tben you cem see that for all numbers x within a distance d 

<» P I • 

of 2 the eriTor between x and h will be less than .3^ as you can 
feee from the graph, ' . > * 

You did 4t, but there's ju«t one thing; to choose d to be the smaller of 
1/1^3 - 2* and 2 - i^sTf seerife* rather awkward. Wouldn't it.be O.K. to use 
'a smaller hut more easily written number for 4t 

That's a good idea. 1 didn't say that I had to find the largest possible^ , 
v^lue of- d which would work, ' If it >^ true that Jx^ - i^j < .3 for all^ 



nxoobers x tetveen 2 - d and 2 + d^ then it vill certainly work f dr 
all numbers x between ^ - & and 2 + 5 when . 5 is smaller than d. 



Mary: I see* why that is true* It's because the nvanhers x "between ? - 6 and 
* 2+6 vill he a subset of the numbers x between 2 - d and 2 + d* 
•You can see ,that ftrom this picture. • 

] 1 \ — i h ^ . - 

2-a 2^5 2 2^6 2+d 

Anything that's -fccjie for all members of a set will atso be true for all 
roemibers of any subset. , *, 

John: That Is what I meant but you put It much better than I did. Kow let's see. 
What^slmply express^ number could I use /for d? It looks like .05 
. ought to work. Now, (2 + .(5)^ *'^.2025 and ! (2 - '.'(^ f -= 3.^©25c Both 

of theae numbers are within .3 of the number k, and since the, funrtiion . 
f(5c) ^ is increasi^, it will, be tj% that will be within .3 of 

\ the number 'U. -for all x' between 2 - .(5- and 2 + .05. That means 
" ' .05 *is a cuf table value* for *d. 

» * > - (S ' ' iJ^ ^ " 2 > 

Mary: ^That was quite lot of *Vork/''''DoeB-that sjiov that the limit of x is k 

Q.h X approaches 2?^ 

* 

X/ . Johnr: Not y?t. I have to be able t\show that I can^^o th|-ough >the same process 
^ 1^ no matter how small you Insist that the error should be^ I think^that I 
x*** can foxTOilate the Idea a^Mttl^/better now, 

M^ry: How? \ « 

John: '"Well, when I'say \hat JAe llmiib of x is U as x approaches 2^ what 
.1 mean is this: ^f^u give me a posit^,ve nijjnber ^e^ for eri?or, '•-I, will be 
. . .able to find a poiitlve number d, foif distance, so 'that -for axiy. number x 

/ whose dis-e&jice from 2 is less -filian- d' it will bfe true that thte error 

• / - ^ \ > * . • "X 

' between -x: and 2 will be less than^e. > • . V » 

• , . - ^ # . _ ^ , • , • - ' ■ 

Mary: That's a lAouthful. * , ^ 

V John: I can zhoif what it means on a graph* . " ' * 

, • * Mary: O.K., show me, Johnny. Well, do so by all means. 

^ohn: Nowj suppose that you *glve me aji e,' X^\l represent iV>by the length- oT 
this stegment: /, Ifow I'll <lraw horizontal lines at heights k - € and 
i^ + € on "ttiet graph . , , * ' , ^ ^ 




Nov, Vll gfve you a number di 1^11 represent it t)y the length of 1ihis 
tii^ segment: * . Nov^you can check that, for all nximbers x whose dis- 
tance from 2 Is lessthstn d,|you^ll have differing from k by less 
than e by drawing horizontal lines through 2 d and 2 + d% 

2 • • ^ 

V 

\ , • ~ • ~ * 



Mary: if think IWe got It. 
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2-d 2+d . 

2. ■ . : 

^ohn: Well, I see the idea a lot clearer nov, too* 

I4ary: Can yo\jf get rid of that "yo^ 8*^^ V^^ gi'v^ y<^^" hlt^ 

2 



John: 

0 



I'll try . By saying- the. limit* of x is \ as approaches "2, I mean 
that for every positive numbey e there is a pgsitivp number d" so^ that^ 
if the distance betveen x \ a^d 2 is less than d, then the error between 



X and k i^ less than e, 



I thinH 1 can clean that 'statement a little hit more. ^Isn^t It true 
that the distance between x* and 2 sis just |x r 2|? \ 

John; That^G right* ^ . ♦ ^ ^ . - 

. .Mary:. And the error between x ariJi »U is ji^t 

* I . ' ^ »■ ' 

. John: Right a^ain. * 
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Maiy: Well then, your statement can be vorded: "Ihe limit of Is K aa x 
approaches 2" meeuos that for every positive number e there Is a positive 

number d ^so^that every number x ^Ich satlsfleB |x - 2j ,< 4 will 
also oatlBfy |x * 4j < e. , ^ 



Johfit Slickl Say^ you can boll It down a little more, like this: %**aihe limit of 
X Is 4. as 
d > 0 so that 



2 

X Is 4. as X ajq^^roaches 2" meems that for each e > 0 there Is a 



If |x' - 2j < d, then jx^,- k\ < e. 
Maiy: Does that say the- same thing I isaldt ^ 

John: Sure^ You see^ after ^ou^ say ^*for each e >*0 there tie a d > 0 



these numbers e and d have be^ chosen and are fixed ♦ * The |x - 2|< " 
and "|x - Ifj. < " ihftiich come up afterward are conditions on x; there's 

nothing else fat them to be^ conditions on; *^if •jx - 2j < d, then 

I 2 t * ' 

j.x - 4| < e" coul^ be read as: , . 

Vlf XI is a number^satisfylng |x - 2| < d^ then x alsa satisfies 



is a numDer^a-cisrying 



Mary: You know^ Johnny^ this business of limits is coming through to me; 1 thiiik 



I 'ye got it* I think I see how state the idea in general now.* 

■ifohn: Go ahead. * x 

Maiy: Well, twi "limit of f{x) is L as x approaches a means that for, 
every* e\>xO there^is a d > 0 sp that 

, if |x - a| < d^ then i'f(x) - L| < e. 

John: You We got^jjt; • IWe l^ot^ it, too, * . ♦ 

Maiiy: There's ;Just one thing* ^ . i» * 

John: What? * '/ 

Mary: I thought you said that the value of the limit ^f f(x) as x approaches 
a", doesn't have anything to do with the value of f(a). Well, according^ 
to the definit|>on we've got, if you substitute a for x in |x - a], 
you'll have zero which is less than the positive number d, no master what 
It is* Tha* means that jf(a) - ti| < e for every positive niAber e* 
And that can only happen if f(a) = We've beeh^ through that before. i 



John : Ouch I 



Mary: Does the' v*ole thing fall apart? 



Jc^:* Oh, I dtm't think ,«o. All you have to do say or bremark that you don*t- 
say aanythlGg ahout /vAiat happens vhen^ x =• a, ;Wait a ndnutej. it*s easy to 
. do. Instead of saying ' " . ' < * 

\ ; if jx ^ a| < d> then 4f(x)^- e/ . * ' 

Ve say . . • . ^ , . , 



.if 0,<,lx - a| < then {r(x) - L| < e^ 



Bitting in that 0 < a rules^ at x = a^ and it rules out nothing else. 
Ilb¥ the definition goes like this t . * 

^ Olie Ipdt of f(x) .is^ L as x approaches a ineans; for evex^ e > 0 
there is' a d > 0 so that ^ x 

, *if 0 < |x - a| < 4^ ^hen |f(x) - L| < e*V ^ ^ 

• / \ Jfary:^>*Qh^ .Johnny,' you've explained iVto me. You're So3t hrilliank^ 1 could 



kiss yo^uV. * ' # . / ^ 



»John: Peel fSree* V • * \. /\ * ^ ^ l» 

. * • ; . * / • . - / • 

M^:^* Seme, other tifee/ I haiise one more que^ion, What happened to all that 

> husiness ahout x hi being jamall? ^ 



Johnr Well, for .gosh sajtes* It's just 'disappeared • ^ : * . 

.Ifeiry: iWhere did'it ^? _ % , , . ; ; - 

Jolm: .1 gifes^ that it's s*i 11 there ^ only. you dcSii't h^Ve to talk ahout it* 
Mary: What .do you mean? * ^ * 

John: When you say that you can do this thing* for any positive ^umher e, this 
includes the small ones, no matter what; you mean by ^*smQ.ll." 

Mary: 1 gue&s that's it* * * 
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/ . TSEOm Airo APjrailCATIOWS W THE DERIVATIVE 

» \ ... . • ' 

5.3 Ttie ChaiNa Rule ^ . 

EjcaatTpie 1, A 1^1 dropped out of .a window falls l6t^ feet in t seconds. An 
oltteerver is watching frcm another window at the same height k8 feet away. At 
vhat rate is the distance of the ball* txom the ohserver increasing %\fo seconds 
after the ball ^s dropped? j \ . ' 

To ^olVe this pro1?lem ve must first find an expression for the distance, 
s(t5, he1\veen the observer and the, ball at time t* This is seen to be th^hypot 
, enuse 6f a right triangle' vlth th^ two sides given in the data. 




Thus *• . 

r . ' * s(t) = A8^ + (i6t^)2. . ; * 

The rate of change o^; s(t) ^ when t ^ 2 is 5*(2). The evaluation^ of s'^C?} 
^r of sHt; from the definition of the derivative is going to be rather messy, 
to s%y the least* B^ft s(t) , can be expressed in the form " , ^ 



where 



and 



s(t) = f(g(t)) 

g(t) = US^ + 256t^ 

f(x) = 1^. 



We see that the function s is^ the coinposition of the functions f and g. The 
-dexlvatives of f and g are easily conrputed by rules already learhed* Thus 



f»(x) = 



and 



g'(x) = l624t^. 

The question that naturally arises is: Can we somehow, throu^ our knowledge of 
the de.rlvat£ves of f and g, compute the derivative of the composition s of 
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is 



O 



these two fwxctlona? ^ 

We can indeed^ and ve vlll proceed to do bo forthwith. The theorem that 
gives this relationship "between the derivatives of two functions and the deriva- 
tive of their coinposition is colieSTthe "chain rule" for reasons "vrtiich will pres- 
ently "become apparent. 

» Suppose ite know that ' and f ' (g(a)) exist. We let s(x) " f(g(x)) , 

and we introduce the letter "b to stand for g(a) and will use "b and g(a) 
interchangeably, whl^cl^ever seems' most convenient. We recall that the fact f*(h) 
exi^s assures us the^t . ^ 

f f(u) - f(h) = f'(h)(u - h) + T](u)(,u - b) (l) ^ 

'whei^ 

■■ . • • l±m ia(b) = 0. (2) 

^ u*b ' X 

We prefer to Rewrite (l) in the fom 

f(u) - f(b) = [f'(b) + ■n(u)]{u - b). ;^ 
Nov we make some simple calculations • . . ' ' 

V » f(gjx)) - f(b) = tfMh) + n(g(^))H8W - v ^ . 

Thus ' ^ , . • . ,\, - 

- 5(a) f (ff(x)) - f (g(a)) ^- ■^;^(g(x)) 3 - , M . " 

g(^) - ^(^) . i3it [f'(b) •n{g(x))3\im f^^^l : f^^ ^ ' . .. 

= [f'(b) i lim ri(g(x))] lim ^^4"^^ , : 

x-^ X"*a 

provided that these limits exist, course lim ^^^^ " ^^^^ .= g'(a). As f 6r 

• ^ • "'X-»;a , , ■' . •■ 

the Umit lim T)(g(*))., the theorfsi on the limit' of .composlt"^ functions applies 

here sinc^ the existence of .the. derivative g'(a) assures us- that 

" ' lim ^(x) = g<,a) = b 

. • . ■ , ' , - ; ^ ~ ' • 

Trtille by (2), T\ is continuous at b. thus • . 

, . ' ' • \ l^m T|(g(x)) ^.xiihY^o: '. . : 



'tAxence 

4» 



tei nov >re find that 



• SMa) = lim^ 



- s(a) 



X - a 
3c^a x^^^a ' 



" / • ■ = f (g(a>;:g\l(a). 



Let us return to the ex^ple at the beginning of this section/ Here we had 
found that if . * 



then 



where 



s(t) = Aa? + 256t^ 
s(t) = f (g(t)) * 



g(t) = kS^ ^ 256t\ ^ f(x) - 



The problem was to find s^s). From the chain rule we learn that 
. . -S'(2) = f'(g(2); .*g'(2). '"^ 



"Now we compute the component* parts of this last expression, 
V . «'(t) = lOaUt? so that g'(2) = 1G21^•8 



and 



while 



g(5) 1^8^ + 256 • 2^ = SBO^^ + U096 = 61^00 . 
,.(x).^ so-that.."f(g(2)) 



. Therefore 



?Che answer to the problem is then that the distance of the ball from the observer 
is increasing at, 51-^ ftysec* * , 

TIere is another example: 

2^ 



2 



Example 2« f(x) » sin. 5^;. find f^(fjT- 
Here 3p(xf = g(h(x)) vhere g(y) = si^ y and h(x) = Nov, g'(y) = cos y 

aiid h\{xT = Thus * 

; f'O) = g'>C3)) h'(3).= (cos ^) . f = f cos f'. 

Substituting x. for a in the conclusion of Theorem 1 yields 

» ^'{x)-= f'(g(x.))g'(x). 
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We ittay therefore restate th| theorem in the form: 

Theorem la> If ^'(x) and* f'{g(x)) exist, then D^f(g(x)) =^'(g(x))g'(x). 

Example 1. Hnd b^(5 + 3x^)^'. . ^ 

One method of solving prohlem vould "be to expand (5 + 3x*j by means of 

the binomial theor^aft and* ^en 4iP differentiate term by term. But this vould 

* clearly he lanpleassSI • The chain rule yields au simple solution, as follovfe: 

■ . (5 + 3x2)^-= f {g(x)) • ^. 

^ where \ , ^^^..^^ 

g(x) - 5 + and f(y) ^ y^- . 

How . 

g^(x) = 6x while f'(y) « 27y . 

D^(5 + 3x^) = 27(5 + -Bx^)^ • 6x = l62x(5 + 3x^) . 

The motivation for the name "chain rule" will be seen from the following 
extension* Consider the problem of finding 

^D^f(g(h(x)))'. 



Thus 



lntrodv»pe the notation. " . 

6(x) » g(h(x)). ' \ > 

IJhen / \ ' 1 , 

• ^ / D^f(g(h(x))) = D^f(s(x)) = f(s(x)).s»(x) ^ ; ? 

by means of tjfe chain rule. But using the chain rule again • ^ ' 

s-(x) =.g'{hCx)) .h»(x) ■ ' 



so that 



D/{g(h(x))) -V^(g(h(x))) •g'(li{x)) •h*<x),x. 



Let ua use this formula to compute ^ 

I ? 

* D sin vl + X • 

x 

Here 



cos (/i + x^) = f(g(h(x))) 



wher^ * * . , * 

f(y) = cos y, g(z) = v^, "h(x) = 1 + x , , *V 

so that 'w ** 

f'(y) = -sin y; g'(z) = h»(x)' = 2x^ - * 

Thferefore ' * ' • 



D sin A + - (~Gin (n^TTl?))' — L= = - JL— sin (VfT 

^ . t x2 A + x*^ ' 

FRir - . - . 
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Area,, as we treated the idea In the introduction, \WiS not defing^^ but ac- ] 

cepted as intuitivel^jrlcnown^ We did not question the idea that a region witlb a 

curved boundary has a definite numerical area hut hegan with the impliolt belief* 

that it db§B, and then we proceeded to express this ar^a in terms ot a kind of ^ 

ifittd^t, the ^integral* Considering the question agaln^ we hardly se4 how to de- 

scrib^ the area of such a ^region exc^t as a limit. Given a region, our me^od/: 

picks out a number which we tetke to be the area;^ in effect, the method defines 

the area. We shall have to take this definition of area arrived at intuitively 

^ 1 \ ^ 

and xnake a statement of it in te^B as precise and unambiguous as ve^ can. • 



6.1 The Intuitive Concept of Area 



^ Behind our mi^jhod^of determining the arlNt^of a region, there lie ^ few 
elementary preconceived ideas about area that we never stated oiftright. These 
are- the plain comraon-senseSAiieas by which people buy and * sell acreage evea?y ^layi 
!ttie Idefts kre illustrated ba the figures below and. brought J)ut* by^ the following^ 



questions * 






Figure la. 



Figure lb. 



* Figure Ic. 



1. 



M^ntal Exerciees 

In Figui^e la, if the area of the doubly clfeded region B is^ ^. what 
can you ^say about the 'entire shaded region A? , ^ T ' 

In Tlgure lb, if the areas odT^regiohs E. /'^Rp, are respectively * i*, 3) 
and 2, then what is the area of txieir union R? 
\ In Jlfeure Ic, if h ^ 5 and w J, then what is the ,.aroa of the rectangle 



\ 
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♦ ;To answer these questions^ you probably used intuitively the general prin- 
ciples that we nov write out fccrmall^. ^ ^ ^ * 

Property l^. If A and B are- two regions witH A C then 

asrea of A < area of « 
Property , If a region B is the uij^lon of several non-overlapping regions 

R^^ Rg/ •••^ R^^ th'en the area of R = area of R^^ area of* Rg > 
: * • + area of R . ' 

Property ^* The area of a rectangle is the product hw of - the height and the 
width. ' 



f(x)=y^ c 






Xq=0 X.^Xj. Xc;-1 



Figure 2b • 



X^=0 X-, X,. X Xj X =1 



Figure' 2c, 



Go back to the introduction^ and read over the discpsBlon ^f the area prob- 
lem there* Vou will see that these properties of area ar^ all we have usedi in * 
deteimining the area as a limit. There Is every reason to believe that the meth- 
ods of the introduction should* be quite ger^ally applicable and/ in fact, we 
^hall/see that th^ method^ using the stated prop^^rties are adequate, for our pur- 
poses • These then are the properties of area which we take as basic assumptions* 

A' Given the standard region corresponding to a non-negative function' f de- 
lved on [a,b], we wish to ^fine its area as a limit* We recall that this 
stMfcdard region is the set of points (x,y) satirdVing a < x < b and ^ 
0 < y < f(x). For brevity, we shall refer to thin as the ar^a under f(x) on 
[a,b], if the graph, of V consists of straight segments,* we can find the area 
from geometry • We shall begin T>y calculating an area involving the simplest func 
t'ion with a curved graph, f(x) = x , As we go along, we Ghall point out expli- 
citly where we use our basic eis sumptions about area. ^ ^ 

Example l^^ We consider the area A under 'f(x) - x*^ on [0,1^ shown as the 
dashed region R in Figure 2a. The function f i:i monotonlcally increasing^ 



and it* is easy for us to approximate A 

♦ 

Introduction. . ' . „ 



from above and ^ be low as in the 
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/We dompare B with regions S cmd T (rigQres;'2b, c) so that 

If C is the area of S and D is the area of ' .T, .we know from Property 1 thsit ' 

P < A < D, _ 

The regions S and T are to be Jtnade up of recta^agles based on the intervals of ^ 
a subdivision, of tO,l]* - In KLgures 2fb, c-the integral [0,1]* is subdivided ' 
Into flvQ equal parts • In pr&er to obtain the ^st. possible estimates of the • 
area Idy this technique, we take the height of each rectangle in S to be as 
large as possible -without going above the part of th^ graph of f, on its base. 
Similarly, the 'height of each ijpctangle in T is taken as small as possible 

• * * 

^without going '^ej.ow the graph o/f f* Now we use Pro]^erty 2 to obtain - ' - ^ 



and 



>rtiere C^, Cg, C^, C^, are the areas of the^ rectangles S^, S^, S^, Sj^, 
which constitute -'s and D^, Dg, Dy Dj^, the arefas of the rectangles 

Tg, T^, .Tj^, which constitute T. , . , , 

> . The kind of repetitious writing we have Just done seems labored, so ^ shall 
make use of abbreviated fortas which simply indicate the repetition Instead of 
carrying it out. Instead of writing, "S consists of the rectangles 
S^-, Sg, S^, S^j £^," we shall write, "S» consists , of the rectangles "'Sj^, • 
k 1, 2, 5." The idea is to give the general form (S^^) ^ in tenniB of ' an 

IndV (k) together>witK the values (k - 1, 2, 5) of *he index fpr the* ' 

specif ic #items . For example, we say, "the base of Sj^ is the interval- 
3^ 1 X < k% 1, 2, p," instead of making five su^ccessive statements ' 

like, "The base of -'is the interval x^ < x < x^. " Similarly, in displaying 
a "sum of numbers written in indexed form, it is awkward, and tedious to aet down 
each term. Instead of writing, "C = C^^'-f + +' C^/' ^e shall -write. 



C = 



h ^ 



", Sigma, which Is the Greek form* o^ our "S'l,* stands for^ 

B\amnation. We read, "C is tWsum of Cj^ for k equal' 1 to 5«" The idea 

is that we take all the numbers of a general fonn (CL ) for" the given values of 

the index (k = 1, 2, 5)* add them up. , " 

I ■ • * 

Now, In £)ur example, we choose the largest possible value for the hei^t of 
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S^, that is, the Bdnlmum of r(x) * on the "base interval "Cxj^.j^* \^ for 
k a 1, 2,'..., 5.^ PVirthemore, since* f: x-*x^ is a monotonically increasing 
function, we know that the minimwm value 'is obtained at the left endpoint' x^_^ 
so. that the area of Sj^ is then given hy Property 3 as 

» • »^ ^ » " * 

Por the tot^l area of S we then have . " - * 

5' ' * ^ 
2 




Similarly^ Mjbserving t^hat the mxiraum value of f(x) on the interval txj^^]^^ \^ 
* is foxind at the left endpoint x, , we have v . 

k=l . K^l 

X£ we choose a particuiar subdivision of ^ th^ interval [0,1]^ that is, a set of 

points Xj^ (k ^ 0, 1, 5) where D = Xq < x^. < < x^^ ^ 1, then these 

formulas yieldStpper -and lower estimates for the area A, For example, we mi^t 

k 

simply choose a subdivision into equal parts* In that case = ^ ahd 

• ' (k - i)g 1 (k - 1)^ ' 

k " 25 5 1 25. 



25*5 1^ 



Adding and factoring y~ J?tom the sum, we get 



and 




3.25 \ ^ • 



Since we have chosen S and so that S C R C Ve have established 
C < A < that is^ * 

In the abserfbe of other Informalfion we cannot be sure^of anything mare than 
the fact th&t A lies ix^ the range between the upper, and lower estimates . There 
is no reason ♦why A cannot be either of the end values in this integral. It 
follows that an aJ)proximation to A by a value A^ somewhere between the upper 
. and lower elfetimates can be in earror by as'much'as the distance from A^, to the 

• *You iS&y wonder about the "rectangle" S with zero height. We'll simply 
agree to accept the^ idea of I'ejtanglefi' of zero height so that we don't have to 

• consider a separate exceptional case every time this situation arises. 
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.ftkrther endpoint. It seems reasonabl^lien to 'choose in the middle of the 
Integrea so that the error cannot \)evfnore than half the leligth of theMnterval. 
With this choice of A_ as the &y|,^age or the' upper and lower estimates, ve then* 
obtain** ^ ' ^ * . • 

with an error no morfe .than JXy that is, - A| <, .1, ^ 

There is nothing^ special about a subdivision into five parts, of .course. < 
The example is meant only to show how from the basic pro]?ert:|.es of area, ftroper- 
ties we can obtain estimates of the area of the region R for any subdivi- 

sion. Consequent!;/ we attempt to determine the ari^ A of R as the limit* of 
approxiraalJions ©bserveS by subdivision of the interval ,^[0,1]* ^sing subdivi- 
^ sions into equal parts, we expect 'to be able to dO bettei- Simply by diylding the 
integral into more- parts. Without resorting to computation, It^is ^asy to see 
•that this is trui by obtaining a bound on the error which is reduced by increas- 

ing n. *»'^ ' , 

In figures 3a, b "^e have subdivided the interval [0,l] into n parts b^ 
points of, subdivision = |' (k = 0, 1, . . ., n)^wlth unifoim spacing We 
construct regions S and T out of rectangles as before sO that S C R C T. As 

before, the height of the k*^* rectangle a of S (k = 1, 2, . . n) is ta-* 

» k-1 k 

ken as the minimum value of - f(x) = x on the base interval — - < x < 

and* the' height of the k"^^ rectangle <vT of T is taken as the maximum value. 




n n n 



Figure 3a. 
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1 




IJtie area A 
!t>%that Is, 



1 2 ^ _ 
n n * 

Figure 3c* 

of R is sandviched between the area C of S and the area D of. 
C < A < D» The difference between C and D .is the area E of 



"Figure 3d* 



the, region U shown in Figure 3c* The region U consists of rectajigles U, , 

Where Uj^ is the part of T^^ outside of The rectangles U^^ have a common 

base lengtbt ^> and they can be stacked to form a rectangle of base and 
n n 

height ^ 1 ( Figure 3b )% It follows that the total area of U is equal to the 

1 ^ 
area of this rectangle, that is, E = If we estimate A by tho average 

A^ 2=^-^(0*+ D) of the upper and lower es'timates, then, as we have already 

observed, the error can be no more than half the difference between the^e 
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eskkfiates. that is, |A\-,Aj < E, or^ for a subdivision into n equal paxts>\ 



n' 2n 

: rj|/At this point we know thatrwe can find an approxiiSfeition of A closer than- 
ai^^^^iven margin ,of error. In o&ier words, we have deteimined A as a limit, 

A-r^ -lim A J given a n^gin of error € we can guarantee 

•i*"" • n * ' . * 

siai|>ly by taking n equal Subdivisions of subdivisions where • n > should 

clear that Ve need not take as', the* average of the upper and lover esti- 
wates to define A. at-'^a limit. * We could. In fact, take any valuf between or 
e^/4ga the end values themselves.' ' 
^'^ii Orten this is tfife best we caji do . The method defines the area uniquel;^' .and 
sk4i,ld we need to knov the area for some practical puarpose we would not need to 
k»o^. tlje va^luc exactly. Since the area can be approximated ^within any tolerance 
o:^ error, we nee that in principle the deteiminatipn of the ^rea as ♦,liinit is 
adequjate for practical as well as theoretical purposes • 
. There are some nagging questions which reimin to he disposed of: 

"c'lf the ^ea were a* simple familiar numherj. would we discover it? In the 
preceding example it turns out that, A = -j, and'our next project will' be to prove 
that'ffeict. The answer is that we shall show how the area can be obtained in 
■ simple'^orm in a large variety of problems, but that It is not always clear that 
the are^ can* be put in such a f03:TO even when it is possible. ■ 

bfLii we estimate the terror better to avoid needless computation in getting a 
suitable approximation? We found = .3^^ above with an estimate of error given 
by |^\-'a| < .1. Assuming A - j the actual errOr is less thaji .01; clearly ' 
if xe laiposed-to do some^' calculating, we should like to know more about such 
matters.' We shall improve the error estimate, and in the chapter on numerical, 
methods l^e shall pursue the question further. ^ - 

. Doe^ the method of subdivision make any difference? We choj-e a very npeeial 
• metHbd" Of .^SUbdl Vision, cutting -the interval into equal parts. If the area were 
represented as a limit of approximations, under "any other scheme of subdivicioi? 

* we ought .to get the same number.' This is actually and.. we shall see that it 

• is. - A raucft-deeper question is whether the use of other^inds of approximating 
polygons than the kind coinposed of rectanegular .strips used here can le&d to dif- 
,fere«\t values, for the area. The .answer is, "No," fqr the regular kind of region 
we consider bere, but to ?^rove it would lead us far beyond the boundaries" of t^ie 
present) coursfe, and such investigations are*d.ntere sting Primarily to the 

specialist. . . ' , . 

^ ' . * 
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Jn this general method of approxliasttlon by rectajigular polygons g«ierally 
applicable? Ihe'ansver is*thett it can he used for all area problems of practical " 
ii^erestm We shall ev^n prove that the method works f or ^ sxrfficiently broad * ^ 
class of problems to cover %he bulk of applications of the calculus* 

In answer to tHe ^rst question^ V€ atteiDpt to find a simple represejntation 
for the number A* IChe points x^^ =^ - (k = 0, 1, n)* subdivide the interval 

[0,1] into n equal parts of length The region^ S will be made up of the ^ 

^ ^ * k - 1 Ic 

rectangles "Sj^ where Sj^ is based on. the subinterval ^ < x < - and heis 

• />k - 1\2 2 ' " 

height — > , the mi nimxm value of x on the base interval • Ibr the area 

' f k ^ 1^2 ^ ^ ^ ^ 

Cj^ of a we then have C ^ T^^^ "^^^ total area C of S 

• n^ . 

— / ^ -i [0 + 1 ^ + 9 + 16 + + (n l)^]. 

Similarly, the component* rectarigle of based on the same interval 

[~--^^ ^3 ^ ^ has heighlj (^) , the maximum value of x^ on the base inter- 

n ^ n i\. ^ n 

. ' - - ■ k2 

va3>i tlje. area of Tj^ is D. = and the total area D of T. is 



n n 



2 



We may verify directly that " D - C = as we already .knew from the picture. 

The expressions for C and D are similar in form: they involv^the sms 
of squares of cons€c;utive integers* It would clearly be desirable to have a for- 
mula Tot such a sum analogous to the forrmila for the sum Qf an authentic progres- 
sion. Although some mathematicians might immediately perceive a formula for the 
sum^ the situation seems obscure to most of^us. Wo ^ need a trick of some kind to 
obtain the formula* Different people will hit upon different tricks- -it is a 
^mistake to *think there is only one approach. We introduce the particular trick 
we use here because it is useful for much more .than this special problem. 

'Our approach is based on the idea d5r a "telescoping suin." To Illustrate 
•Che idea we take an excruciatingly simple example. The length *of the unit inter- 
val {0,lj Is the sum of the lengths of the n sublntervdls ^ \ ^1, 

n ^ n^ 

k^l«««««n* 



®ie 5Hiti'of the lengths can be vritten 



. (i. 0) , ■^g . 1) (i . 2) , ... - - ^) - - 

n' . n' " n' n n n n 

In looking at this sum we'isee eaoh term added In one paronthenen is subtracted In 
the Jiext* The^net result is Jhat the Only terms wtiich contribute arc the- iub- 
tra<$1ied term in the firut parentheoeG and the added term-ln t>4C< laut: Conno- 
n 

quently, - ^^-^) - = 1, as we expected. In general, given numbern 

k=l ^ ^ : 

• . . 1 u , we have , % - * . 

0' 1'' n 



k=l 



This simple idea can "be used to obtain the sum of an arltj-irnetic progrecsion 

n . . 

2 fa + (k - l)d] = a + (a + d) +Ma + 2d) + . . . + [a + (a - 

For this purpose we attempt to represent each' term ax} a difference no that the 
s\im will "telescope." The ensential part of the trick is to rccpgnize that 
k^ = (k - 1)^ .= 2k - 1 so that we almost have » k " expressed in the desired foxra, 
specifically. 



Entering this in the general form of the sum; we have 

[a +"(k - l)d] (a - |d) + I [k^ - (k - i)^Jd. 
Next, we express a^- ^d as such difference: 

" • a ^d =-fa - |d)[k - (k - 1^]. 

Taking these results together, we get 'for the general form 
Vy • a + (k - l)d = - Uj^_^^ 

vher; • . ' • . 

' * u^ = I [k^ + (2a - d)k] • ^ . 

and you' may e^si^ly check that this is correct. In this -t^y we represent the sum 
of an arithmetic progression hy a telescoping formula: ' 



ta + (k - l)d] - £ ^ ' Vl " \ ' V 



R:H3m the rowiula for Uj^ ve get 



r 



\ • ^ I tn^ + (2a • d)n] • 0 [ast + (n « , - 

vhlch is the old familiar formula for the sum to n terms of €m arithmetic 

progression* , , 

Next ve ttim to the problem of evaluating the sums "v^iich appear in our upper 

and lover estimates for the ai*ea» In both cases these involve tvo sums of con* 

secutlve squares, for exai^ple, • 

n 1 " 

D = -~ 2 = [1 + 4 + 9 + 16 + . . . + n^] . 
n * • 

Z2 • * > 2 ' 

k w6 attempt to vrite k as a difference. We recall frcto 

< k=l ' _ ^ 

the preceding Example that ve could vrite k as the difference of successive 

squares multiplied by a constant factor plus a lover order (constant) term* Thi^ 

2 

sxiggests attempting to vrite k in teims of the difference* of successive cubes. 
We have ^ ^ » ^ 

^ - (k --1)^ = k^ - (k^ -ik^ + 3k - l) = 31^^ • 3k ^+ 1^ ^ 

hence^ ♦ 

' k^,= i ([k^ - (k - 1)3] + 5k - 1)/ ' 

3 / 
We already knov hov^to handle the terms 3k - 1^ either as the terms of an arith- 
metic progression or by repeating the scheme of the preceding problem. To fix 
the" idea ve repeat the scheme* Wo had 



vhence> 

Further, 

yielding 



3k, - 1 = I Ik^ - (k - 1)^] +|.. 



1 = I (k - (k - 1)] 



3k - 1 =^ I [3k2 + k] - I [3Xk -•l)2 + (k - 1)], 
Patting all this together we* get 

^ = \-Vi 

vdiere ^ 

- Uj^ = ^ + I (3k^ + k). ^ 
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iff ^ * ' * 

\fe haye vritten our sum in telescoping form: 

■ n . . n 1 -t-. 



• Mistakes in aiget)r«i ^re easily made) you vlll vant to check this result for sev-^ 

eral values ol^ n.' (It is now plain hov to p^pceed for the next case ^ ' 

We- would attempt to express k^* as the difference of two fourth pqversi only 
teims of second and lower order would be left over, and the problem is then re- 
duced to the one we have already solved. Going on" in- this way, we s^e_in prin- 
ciple how to obtain a formula for any sum of consecutive positive integr^>powera 

In the formula for the lower, area estimate 0> the sum is shorter by one 
term; hence, ^ , 

' ^"^ 2^ k = 1 1+ + 9 + l6 + ... + (n - l) . ' 

k=l * , x2 2i 2 

,= •[1 + 1+ 9 + l6 + ... + (n - l) + n J - n 



n 

k ^ n 



3 2 
n-^ n . n -" 



3 



Ibr the upper and lower estimates of area we then get 



" ~ 3Zy 3\2n z:2* 

n-* 1^ ^ on 

' n-1 , , 

' \n^k 3 2n g^2' 



Since the area A under f(x) = on [0,l] is sandwiched between these 
values,' ve have >^ * , ^ . 

3 a.'6„£-*-3 an 

Only one number A lies between the upper' and lower estimated fgr all-'n, A = 

We have not only solved the problem of determining the area using only 

Properties 1-3, but wfe now see why we got such a poor estimate of the error for 

n = 5*. . If we approximate A by the average of the upper and lower estimates, 

• 

*0f course we don't care about the error estimate in this particular proble 

noV that we have the exact "«alue, but often it is impossible or- inconvenient to 
obtain simple exact representations, and then error estimates become important. • 
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Rir * 



that is, by 



then ve see that 



A s i(c + dV - i + — 
n 2^^ * ^ ^ ^ , 2' 



6n' 



n 



n 



6n' 



Tot the case n = % ye now see that the, error is vhere before*. we knew onljr 



that the error was no more .than ttt . 



1. 



2. 



3'. 



Exercises ^ . 

\ , - * - 

The problem posed in the tntroduction was to determine the area'undpr 
fix) ^ Vx on- [O^l], The summation encountered there was siiniiar to the 
one encountered here. Use tliis fact to solve the introductpry problem*. 
Obtain the result of Exercise 1 using only the fact t^iat the area under 
t{x) « X on 10,1J is — together with the basic assmnptior^ about ax^a; 
Properties 1-3, without furthe/ resort to suinmation techniques* \[ 
Show how the upper estimating sxams for i/x are related term-by-. term to the 
lower estimating sums for x • 



The technique of telescoping sums used to evaluate the area un^der^ f(x)^^,ix' 
is adaptable to ^ny positive -integral powgr and can be extemded direct^ly to any 
polynomial. For other functions it may not be possible to obtain simple trele- 
scoping sums> or, if it should be pdfeslble, an additional special .trick may be 
necessary. Here is an interesting example, * . ^ * 

Example 2* Let us attempt to find the area under the cumre * * ^ t 

f(xv = cos X 







f(x) = cds X 


R 




* * 



Figure 

dnterve 



We divide the interval [O^a] into* n subintei^als of ^qual length \nd construct 
the containing and contained regions out of rectangles as before (Figures 5a, bL 




Figure 



f (x) - cos X ^ 



0 ^ Jlt^ 

n n n ^ . 

As .in the preceding example^ ye have 

SO that . ' 

C < A < D 

vhere . 6, A, and D ' denote the areas of S,^ R, and T, respectively. The set U 

which is left vhen S is taken avay f^m 'fj^is shown in Figure 5c. 

figute we see that the area D - C of U ^Is e'qual to the area of a "rectangle ^ ^ 

a * * ' 

with height 1 - cos a and base, length 

D - C - - (1.- COS. a). 
N t * n 

The difference between the^upper and lover estimates can, therefore he reduced ^ 
below any tolerance by taking n large enough. 

• The function f in this example is monotohl chilly decreasing* On each inter* 
# * * ^ »- ^ 

val of the subdivision f(x) will therefore '^take on itS|,jnaxiiaal value at the 

) ^ l)a ka^ 
right endpoint* The rectangles S^^ and T^^ on the ba^e interval P ^ ^ 



have» as their respective areas eLnd 



where 



C,. = r cos — , = r cos — 



n 



n 



n 



Adding the areas of the component rectangles of S, we get the total^rea _ 



* n -n n n . n ' . n 



- . . ^ [cob ~ + cob ^ + ... + cos 1 " + cos a] 

and, slAiiirly, for the total sgrea D of S > 



n 



.£ f cQs;(k - l)a 



^ : = ^'[1 ^ cos'^ f cps.^. f' ..; i cos ^^.^ 1. ♦ > 

lEnstead^of writiiag ^repfeatedly, set z pur. problem is to rewrite as a 



'telescoping^ suih 

K , . cos'kz = .cos 2 + cos 2z +.cos 3z^^ • + cos nzj 

^.^hat is^ we seek values* 1^ (k^= jC| n)^ such that * 



ur, - u. ^ cos kz* 
k k-1. 



Lilteiy to hit at once ui>on a suitfiible tric]^ 



Admittedly^ no one is likely to hit at once upon a suitQj>le tric» for this J^r- 
pose. Whgn the writer first solved this probleln, he hit |ipOn the following path 
of solution after a spell of tfial and error* You might well have a more direct 
iflslTght into the problem. 

We wish to express a cosine as a difference. Although the cosine itself -is 
njS)^samething one usually thinks, of in that torm^ there is one expression 4tpvolv- 
ing the cosine whici^ is often written as a difference: " 

A cos p sin q = 2; tfoin (p q) - sin (p - q)]. 

Taking p = kz^ we would like to fix q independently of It .so that p - q * 
e^q^ressed in* terms of k - 1 has the same form as p q expressed in terras of 
^k. Since p + q = k^^ + q^ this ^eans that we must have ^ q = (k -^lyz q. 
On the other hand p-- q>?= kz - q, so that we require^ kz^.q = (k - l)z ± q* /He 
mu^t then have ^q =^ -^z* In this" way we find the useful result ^ 

cos kz sin ^2; = ^ [sin (k + ^)z - sin ^k - ^)z] 
^ , ^ = I [sin (k ^ |)z - sin ([k -a] |)z].' 

From the preceding result we obtain 

COB kz = - ^k-1 * J' 
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2'rr, 



~ sin (k + i)z 



It * follows 




'vFor the area C of S weUhen'have 



C 2 



2 . 



sin '(a + gz) - 2 



wriere. we have set nz a. There is no fyirther difficulty in seeing what^ happens . 
We can force z to he within any given positive distance froifi-^^ simply, >y tak- 
'ing n large eijou^h. The limit of the expression for C as z tends to zero 

• sin h 



..1 



is easily found. We recognize lira 



2^ 



2->-0 sin 2 2 



as the reciprocal of- liia — ^ 



Vhich is !• Rirther^ since the sine^function is continuous^ 



iim sin (a + ^z) = sin a. The limit oir^he expression for C is sin a\ Since 

ve can o-pproxiinate sin a \ G vithin any given margin of error Tby taking n ^ 
sufficiently large,, the sajne is true of the upper ^stiniate D because D exceeds 
C only by th^'am^nt 2(1 - cot a)* We know that A is sandwiched between C 
and ^D* Therefore C and D can be forced to aJ>proxiinate iDOth A and sin a - 
within any g^ven idargin of error. It follows that A , and ^ sin a • ,are the same 
number » , ^ , • 

. In summary, weT:iave proved -that the' area under ^ f{x) = cos x on [0,a], 
where ,.0 < a. is = sin ,a. , ' . * 
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6.5 Definite Integral - . - * , . 

In th^ preceding .examples ve have seen how the area of a standard region can 
M determined as %a liioit of a set of approximations where the approximations are' ^ 
.^ums of areas of rectangles . IrC ordeF^o make general use of thl^ ^icljieme ve out- 
line the basic ideas. * . , \r- 

It is importeuit to have some id^a of yhat is generally useful a3ad vhat is 
just specially, adapted to the solution of a, particular prof)lem.. It is clear, for 
example^ that the use of a uniformly spaced subdivision is riot essential In 
fatt, for the^ example of Vx on [O^l], a non-uniformiy spaced; subdivision . ^ 
proved both ^onvenient a^d practical* Jlnotber special device is* the u*se of tple^^ 
scoping sums* There is no evident way of aiJ^lylng the device of telescoping sums * 
to finding the area under even such a simple curve as f(x) on [l,2]* 
Later we shall see reasons why the device fails in this cas^j but for 'the while, 
it is enou^ to appreciate that It'isnH always useful. 

Given a non-negative continuous function f. on the interval' [a,b]* we. 
define the standard region R under f over [a^bj to be the -set of points 

R = C(x,y),: a<x<b and 0<'y <f(x)). 

We shall suppose /^hat" ^ has area A, and ve shall attempt to approximate the 
number A farom above and belov. , We divide the Interval [a^la] into n subln-' 
tearvals (not necessarily of equal length) by means pf points x^, x^^ Xp, ••♦j x 



where 



a = x^ < X. < x^ < • . . < X - 1) • 
0 12 in 



In each of the sublntervals f^^i^^l ta^ke the maximum value 0^ and mini- 
mum value mj^ assumed by f(x), that is^ ^ 

^ - f(x) for Xj^_^ < X < Xj^ ^ ♦ 

mj^-= min f(x) for x^^^^ < ^ < ^* 

Next we take * ^ 

n 



TiAiich is the svm of areas of non- overlapping' rectangles contained in R 
(Figure 6a). . . ' . ' " ' 
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Figure 6a. 



• Hgare 6b ♦ 



Similarly^ 



n 



A' 



Is the sum of the areas"*, of non- overlapping rectangles which constitute a region^ 
containing R, The values t>f these^ sums are determined by the choice of particu^. 
lar subdivision r where 

• r = {Xq, x^, x^j ...j "^jj^ * 

To expiiclily show the dependence on r ve shall write the lower s\m as L(r) . 
and the upper suia as U(r)'^: 

4^ 



n 



k=l 
n 



U(r) = E - Vl^- • ^ 

- • . k-1 

!Ehe area A must W-iandwiohed hetween the upper and lower, sums for every choice 

of suhdivislGn^ that is> ^ 

>^ » 

' L(r) < A <U(r). . . ' 

.. Furthermore>-fehe difference E{r) between the upper and lower sums 
. .. • n * * » • 

' E{r) =■ U(r) - L(r) - 2^ (\ - ^)(\ " Vl^ 

^' gives a measure of the accuracy of approximation to A by either sum or any 
' value between them. Specifically, if A* is any value iti the interval between 
Ur) , and U(r), that is, if ^ 

L(r) < A* < U(r), 
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*Pe'rhaps A* for L and . a"^ for U would be a more suggestive notation. 

215 pop ^ ' *» •» 



, then A and A* are contained in the s^ae Interval and the\diit«iiee betveen A 
-wid A* can be no greater than the length ©f the interval, other' temiB, 

^. * JA* - Ai < U(r) - L(r),- E(r)'. 

, ' . Given a margin or error, the question is •vdiether we can al\Ws find a sul)- 
division r so that *U(r) and L(r) lie closer togethier -than «his maxgin of 
- ewor. In that case we can define A as a' limit*. In' effect we dre asking for, 
^ every positiye €. * (the margin of ertor) that there he a suhdivisidp r for 
•>rtiich E(r) < €. ' * ' . , 

In the two preceding exa^iples had no trouhle in finding such subdivisions » 
Kxfimining thtese examples,, we see that the essential property ployed in both ^ 
cases in mbnotonicitv. * . * . ' ■ . - 




f(h)-f(a. 



^=^0 ^1 . 



n-1 n 
figure 7. 



The essential features can easily be appreciated geojietrically. In Figure 7 we 
pictTLire a Vonotonically increasing function f on an Interval a < x < b and a 
non-uniform -subdivision of the interval. The shaded rectangle over each interval 
^^-1' \-' height \ - \ and width x^^ - its area 

^ \->l^ therefore the k"*^^ term of the sum for E(r). Because 
the function is monotonic, it is possible to slide these rectangles parallel to- 
the X-axis so that the right sides all line up. In this arrangement the rectan- 
gles are contained without overlapping in a single large rectangle of hei^t 
f(b) - f(a) and base length equal to the base length of the widest rectangle, 
that is, max {xj^ - Vl^" l^revlty, we write A(r) = ijiax {x^_^ - x^) . '(The 

quantity A(r) is called the "mesh" or the "norm" of the subdivision by some 
authors. It.^ a measure of the coarseness of the subdivision.) Evidently E(r) 
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%B bounded above thABa of the containing rectangle: > . " - 

E(r) < tf(1^f{a)] inax [x^ - vJ- * ^^^^^ " ^^^^ ^""^^ • ' ^ 
For ^J^monotonlc'^ctlon it 1b then^ quite, clear hoyAo reduce t^ie error below, any 
specified max^fln. It l||bnly neceseary to make the subdiVlelOB of the^ Interval 
Biifflclently fine, that Is, to subd^l vide so^ that the length £^t) of the longest , 
Interval of the subdivision Is short enou^. In other terms, given any positive % 
€, ve can assure that E(r)j^ € by taKing a subdivision so fine that ' ' ^ 

* * , E(r) < [f(b) - f(a)] A(r).< ej ' 

we need only bound the length of the subintervals hy ^ 

.We have leaned heavily on pictorial representations to obtain this rSsult,^ 
' but 'it is also easy to do it ^computationally . • We have a function ' f continuous- 
and monotonically increasing on {a,b] and a subdivision r of [a,bvl where . 
r = k'= 0, 1, 2, n}. and a = Xq < < < . . . < = b- Since f 

Is monotonicaliy increasing^, we>ave for the maximum and 'the minimum tn^ of ^ 

fix) on \^_i<^<\> / * 

Consequently, ^ ^ . ^ . 

n " 

E(r) = U(r) - L(r) =*2 (Mj, -"^^^ ^ Vl^ 



k=l 
n . 



Slno£ Xj^ - Xj^ ^ ^A(r), where A(r) is the length of the longest sul^interval , , 
and since f(xj^) > f(x^_^), we conclude that . \ 

- • Ef(xj^) - f(Vi^^ - Vl^'^ f^^^^k^ - ^K-1^^ 

In sum we have 

n ' . " ^ n 

^ E(r) = £ ^^""k^l^^ K " f^'^^ - ^K-1^^ ' 

^ * . .. . 

since A(r) ' is a factor of each term rfjf the s\mi,v we have by the distributive law, 

E(r) < A(r) 2"" Wxj^) -'i"^Vr^^* ' ' ' 

^ 1 

The summation Is precisely in the f^nn of a telescoping sum, and we ohtain 

' • , ' k{r^* < A(4 [f(x^) - fCx^/], 

O ' > . ^ 217<? J » 
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\^ere ve recall' that Xq » a and x^*» 6. this vay ve have again obtained 

the bpund 

♦ 

. , ^ ^ ' E{r) < A(r) [f(6) - f(a)]. , 



A similar result is obl;ained In the same vay for monotonically dec3?easing func* 
lioas, and we leave it Tor you to prove, ^ " * , 

Exercises \ * ; 
^ - 

1. ^'or a continuous monotonically decreasing ArtJction T on [a,b]^ prove for 
the dilTerence E(r^) between the upper anil^ lover sums over the subdivision 

jr = {Xj : k - 0, 1^ • * * , ij3 where a ~ Xq < < • . . < - "b^ that 

***** « 

» . E(r) < [f(a) A(r), . 

where A(r) = maXf {xj^ ~ ^^i) ^ is the length of the * 

* longest interval of the subdivision* 

2. Find upper and lower estimates differing by less than •! for the arefit * 



under , f{x) on the interval [l,2]. 



How that we have a general method for obtaining the area under the graph of 
any monotone function^ it is natural to want to extend the method to as h.arge a 
class of dTunctions as possible • We immediately think of those functions which 
can be divided into a n\amber of monotone sections* ^ Such functions are cCLlled 
^'piecewise monotone*" Jtore precisely, a function f is "piecewise monotone" on 
[a,b] is there exists a subdivision of [a,b] sUch th$.t f is monotone on each 
of the intervals of tfie suhdi vision* T: ^ . * 

-Now suppose that" f is, piecewise monotone on [a,b] and th^^^ . is the^ 

number of monotone "pieces" of f , that is, the number of Interval^bf a subdivi- 

sion in which f is monotone* on each subinter^l. Let the maximum and minimum 

values of f(x) on the interval [a,b] be denoted by M and m^ respectively.^ 

1^ * 
'Then, for any subdivision r of [a,b] we have^ 

U(r) - L(r) '< p(M - m) A(r). ^ * 

This statement is easily understood geometrically (Figures 8, 9). ^Figure 8a 
shows a function t; Figure 8b shows how the interval [a,b] may be subdivided 
into thr^e pieces on each of which f* is monotone. ,^ 
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Figure 8b. 





























• 




1 






1 






1 






1 






1 






1 






1 






>- 







c d 
figure 9a • • 




Figure 9l3. 



In ngiixe 9b we have added a partition and shaded the area corresponding tp 
E(r) = L(r) - U(r.). In Figure 9b we see how to split tKe rectangles of Figure-. 9a 
int6 p groups (p = 3)^ It is clear that the total area of the rectangles Iri 
".each group less th^n (M - m) A{r) since for each group l^e projections of 
the 'rectangles on the y-axis do not overlap'. Thus sin'ce there ^e p such 

groups in allf , ^ . ^ ^ 

\ ' E(r) < p(M - m) A{r). 

Again we see that by making the subdivision sufficiently fine, we can approximate 
the area to^lthln any given margin of error." Specifically, for each positive € 
we can assume that 

• • • , ' Ed-). < p(M m) A( r) < e 

• singoly by requiring ^ "• >• ; > 

^ / ' ' \ « <- p{M ! m) ♦ ' ^ 

We have seen that for continuous pieoiewise monotone functions it is possible 
to define the area under the graph as a limit. The question arises whether it "is 
poBsible^iO extend this result to an even laprger class 'of functions. We may ask 
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if it is possible to obtain the result ft)r all continuous A^ictions* Unfortu- 
nately, it is hard to visualize a typical, conttnuoua function* !Ehe graph in 
Hgiire 10 deplicts an unusually tame member of the breta* For example, the llmita- 

,tions of the pencil ^might lead you to think that every continuous function is 
jpie^ievlse monotone Jbut ^ in fact-j^ t hej^e ^may be no interval any^ere, no matter hov 
small, in vhich the function is^ monotone* If this has served to make you 'wary of 
basing everything on, geometrical intuition in discussing "continuous functions, so 
much the bettfer* The- point' is that t^he analytical approach based on number is . 

^ necessary if ve ar$ to put any faith in our conclusions. For example, we have, 
in effect, assumed that there is a unique number A, the arita under the graph of 
f ^ on •[a,b]* Yet 'in contemplating the possible extravagances of an arbitrary * 
continuous function, we are led to wonder. ' . 




Figure 10. ^ 

We as Slimed ..that there is an area A under the graph of f on (a,b] and 
took as our task the problem of calculating it. Given any subdivision r of 



[Biib], ve then conciu4ed under the "basic postulates about area, ft"opertJes 1- t, ^ 

that , . - ' ' , ^ 

L(t) < a < U(r). ^ ^ . . 

; . . ■ ' • "^^ ' " ■. "* - • , ' 

(Jonsequently, given any pair of svjte^ilvi^ions r^^ and r^, ye hav^f • 

that is/ every lover sum is less than every upper sum. Ttds seems intuitively 
reasonable , hut >*at happens if we leave out our assumption that a number A 
having- this property exists? We have no intuition about continuous functions in 
general, and we do not want to make this^ assumption} we want to prove that 'the 
area exists*. Clearly we shall have to prove the result analytically. • 

Suppose 'that f is a function on Ca,b]- and that r, is a partition of. 
this interval. Let us see i^at happens>to the upper and lojwer siuns when one addi- 
tional point, .x', is adjoined to* this subdivision between^ X^^^ and x^, to * 
form a new 'subdivision r' . 




^^o ^1 ^2 



Figure 11a-. 



x =b 




o I S 



Figure lib. 



n-1 n 



' We see that all but one of the terms of 

n 



appear also in the sum U(r'). The exceptional term of" y{r) 



is replaced by 

vhere 

and 



Mj' = max f(x) for x^^^ < x < x' 



M," = max f(x) for x' < x < x,* 



(See pfgures ika. and l^b.) 
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aiince the isaaxlinum value of a function on a. eublnterval cannot be larger than the 
maxlinum on the whole inteirvai , ♦ ' 

J ~ J J J' . 

60 .that ' * 

Hj'tx- - xj.,) ♦ Mjtxj - X-) <Mj(x' - Vi),* Mj('xj - X-) .llj(xj - xj.,). 

This , inequality shows us that* the sum of the terms replacing Mj(xj - in 
-obtaining U(r') from U(r) cannot be larger than the term they replaced . 
©lerefore . ^, . ^ T ** 

U(r.') < U(r). ' * . . • , 

In just the same way it can be shovn that ^m.' < m and a?" > in so that 

• > ^ L(r') > Ur), ' . \ ^ \ • 

How we are rdady tp see \rtiy/ for any pvo subdivisions r^ and r^ of 
[a,b]," we laust have ^ ♦ . - 

• ^ .\L(r^) < U(r2). 

For, let r^ be the sybdi vision .consisting of all the points of both r^^ ajad 
r^. Now, r^ can be obtained from by starting with rg and successively 

adjoining one point of r, at a time. At no \stage of this process is the upper 
sum ever increased. Thus the final upper sum ^ this process, U(r-,), cannot be 
greater than the initial one, U(rjj). That is," • • 

In this way we see that ' 

* . - J L(r^) < L(r^). 

It- i^, of course, obvious i^hal^ ' ^ 

Ur^) < U(r^) • . 

since the teYm^^n the sum L(r^) are term by term lesp than or equal to those 
in In conclusion, we have 

^ .-^ L(r^) < L(r^') < U(r^)*<^U(T2). ' 

. The result we have just obtained can be foiroulated as follows. Suppose that 
we have a function f, defined on [a,b]. Suppose we let ^ represent the set 
of all lower sums and '2/ represent the set of all upper sums . Then .every member 
of less. than or equal to every member of 

• When this result is formulated in this way, we see that we can assert, from 
Property 8 of the real numbers, that there is at least one number A separating 



the tvo sets <^ and That is, for any members • U(rj^) of and UCr^) of 

we will have » . . * 

L(r, ) < A < l^T^. - 

If we were ehle to show 'that there is ;just one such nuipber S which sepa- 
rates ^ and then we wuld have* just what we want. Under the basic assuiop.^ 
tions. Propertied 1-3,. thera'i'S just one yalue which ufce area- under a non-negative 
*f on the interval [b.M could- possibly have. Referring again to Chapter 2, we 
see *hat in order to demonstrate the uniqueness of the number S separating 
and Ji have only to show that for every posi:n:iv|^iimber -e' sphere exist mem- 
bers L(rJ ofy' and ^{tA off^, such that^ 

It is interesting to note that, when f . is monotone,*' a considerably stronger 
result has already bee/i demonstrated: if f is monotone in [a,b], then for any. 
subdivision r of {a,b], we liaVe 

U(r) - L(r) < |f(b> - f(a)l A(r).' 

Since |f(b) - f(a)J is fixed, we see that by making ^A(r) sufficiently small 
we can- force U(r) - L(r) to be as small as we wish. A similar result holds for 
pi ecevise monotone functions in view of the inequality 

U(r) - L(r) <p(M - m) A(r) 

where p is the number of intervals into which [a,b] must be subdivided in 
order that f should be monotone on the subintervals, and yhere M ^nd m are 
the overall maximum and minimum of f(x) on [a,b]. ■ Again M, m, and p are 
fixed, so that by choosing A(r) sufficiently small we may make U(r) - l(r) as 
small as we like. • ' ' 

The situation is quite different if we kn'oi,/ pnly that the function f is » 
continuous. In the above discussion we found for every 'fi^nction which Is mono- 
tone or piecewlse monotonfe on an interval [a,b] that we can find a ntunber k 

so that • 

U{r) - L(r) < k A(r). 

i 

It is not alvays.true for continuous functions, however, that such a k can be- 
found* Nevertheless, It is true that for any fucntion continuous oti ,[^,"bh ve \ 
can make L(r) - U(r) as sinall as we like by choosing A(r) sufficiently sroaU^ 

Theorem 1. If f is continuous Qn [a,b],, then for every' € > 0, there is a 
6 > 0 such that U(r) - L(r) < e whenever A(r) < 6. , • 
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We vill not prove this theorem 'in this text, for there are additional technical 
difficulties in our vay. JJhe student should recognize that 'we Wve proved the 
theorem for contiriUous functions which are piecewise monotone, tfe-shall^ however, 
assume the theorem to he true for all contiauous functions. From thjls assumption 
see that it fo?lows that ^'f or every continuous*functi6n there isTa unique numbei 
S Tjiich separates the setsc^ and 4^. Thus we iake the followi^'-definition: 
Definition 1. If f is continuous on [a,^], we define \ 

- ; ^ ■ j[\(x) dx/ V 

J^called th^ inte^gral of f ; over the interval [a,b], to be the unique' number A 
sucn that , ' . * . . 

\ .. . U(r^) < A <^(r2) / ^ ^ 

\ ■ ■ ■ . • " . • 

>menever r^ and r^ are subdivisions of [a,b].' V 

Letting e > 0 and choosing 6 > 0 such that U(r) - L(r) < e whenever 

A(r) < 5, and recalling that L(r) </f(x) dx < U(r), we see that both the upper- 
sum and. the lower sum will differ from the Integral by less than e. Thus if the 
subdivision is sufficiently fine, the up^r and lower sums will be close approsci- 
mations of the integral. Notice, incidentally, that ^e definition of -Integral 
is completely ntunerical. la. particular, the definition doesn't exclude the pos- * 
sibility that f(x) may have negative values. The concept of integral" is, there- 
^fore^ not Identical with that of area unless f Is a non-negative function. 

We re-emphasiae th^t In order for this definition to make s^nse it is neces- 
sary to have Theorem 1 at our disposal to ensure the uniqueness of the niunlDer A. 
We should not forget that this theorem has not been proved in Jthis'hook under the 
hypothesis that f is continuous. On the other hand^ we re-emphasize that ve 
have proved the theorem under the additional hypothesis that f is piecewise ^ 
monotone. All the functions that we will encounter i» this course (except for a 
email number of horrible examples) will be piecewise monotone • Thus, for the 
l^inctlons we will actually use, the theorem on which this definition rests has • 
been pij^ved. We ^tate the definition for continuous functions only to bow to. » 
tradition. * . * * 

A remark on the notation involed in 

J[\(x) dx ^ 

is in order. It should be clear that, the value of this integral is synonymous 
with the area under the function f over the interval [a,b] and ♦depends only 
on the funciion f and the interval [a,b]. In particular, x has nothing to 
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do vltb it ^ataoever. . Ihua ' » *^ . ' 

aU hsve exactly the same iieanlSB'i ^ leaeon aone iuthore iMteyd ijrlte 

We vlll, Ijbwever , adhere to the^mqre standkrd notabloi| 

in fact,, has a nymber of" advantages vMch-wiU become appai^nt ahortly. 
One pi* thesfe advM.tag^iB that^ tMs notation,-permitB us to wite 



instead of 



where is* <3|gf ined as 



' J fix) - x^," 



' AREA. AMD liSTBOEIAL * . 

^ • ^ ^ (first dbraft) . i 

How ve^we ready to gtudy tiie second fundBmental problem Of calculus dis- 
cussed in the, introduction of this book^ that of finding areas of regions vith 
cuorved boundaries. Actually the probl^ is not really to find the s areas 6f sviph 
regions but rather to give a d^fij^ition of areas of such sets* So fai\^ea has ^ 
only been defined for polygonal regions* However^ Me are nof entirely. free to 
define 1^e areas of such regions in any vay ve please* 'We must make the defini- . 
tion in such a way that area will bdtxaxe in accordance yith our ^preconceived no- 
tions* We will discover, 4n jfect, that if we adopt as assumptions a smali number 
of -ttiese intuitive ideas/, then the possible values we could adopt as the area of 
jaiSy particular region is narrowed down to a single value, 

Oliese intuitive ideas are exemplified in the following omul exercises. 






Figure la. 



Hgure lb. 



Figure Ic, 



Oral Exercises 



1. In'ligure la, if the area of the doubly shaded region B Is 2, then ^at 
can you say about the entire shaded -region' At 
^, 2,. In Hgure lb,. if the areas of regions R^, Rg, R^ are respectively k, 3, 
* and 2, then vhat is "bhe -area of their union • R? 

3. In Hgure lc, .if h = 5 and v = 3, then what is the area of the rectangle 
k, What is the smallest area that 'any region could have? ^ 

A 

If you have answered these questiona as we believe you have, then you are 
probkbly willing to accept as true the following intuitive ideas concerning area. 



ERIC 



227 



219 



ProT>erty 1 . ' 



r 



If A fiuad B are tvo regions vith A C B, then 
area of A < area\of B» . 



Property 2. If a region R isybhe xinidtai of several non-overlapping regions 



• *j R J then area of , R = area of 



R^ + area of Rg + 



+ area of R • 
n 



^ Property 3* ^ rectangle is the product of the length and the vidth* 

• / • Property 4« The area of any region is greater than or equal to zero* 

We vill assume these properties to h^ true from this time on* Ixi order to 
see i^ere these ass\mptlon$ lead^ we turn to the e^qairtpljs in the Introduction • 

Example Here we are attempting to find some information concerning the area 
of the. region R under the curve ^ 

between x « 0 and x = 1^ the shaded region in Hgure Sa., ^ 






|l^e 2b 



. '5 5 5 5 
figure 2c 



In Ilgure 2b a region S has heen drawn with SCR. 3f figure 2c another re?- 
gion T has ^een drawn with R C Since * . 

S C R C T . 

we see from Property 1 that (if R do^s indeed have,^ area) 

, , » area of S < area df R < area of T» 



(1) 



Olie region T is seea to be the union of five* non- overlapping rectangles. 



^^.Tg. T3, T^, T^.^ Hence, by Property .2, 



area of T ^ area of + are* of ^ + area of T^* 



(2) 



Each of these rectangles has width equal to and their heights are, respec*- 
tively/ * , • ' 
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*(^>; 4^,. 4^.. 4^' 



V5 

that ±8, • ' . , „ 

1 h 2^ l6 ^ 

^* 25' 25' 25'- 25* 



OJiUB by ftpopeiTty 3, the areas of these reetanges are, TeBpective.ly, 

..'11. i.Jl i.i^. i.^. 

■ 5 5 5 5.25* ^ 

Therefore, by (2), , " x ^ ^ 

c - 1 1 1 i.Jt + i.^ + i.ii + i.^ 



^ + 9 + 16 ^ 25)- ^ - (3) 

!Q4s discussion nv^ seem a little dravn out, bat our puipose has been to show 
exactly where the* Properties 1,-2, 3 vefe used. «■ 

. In the same way S. is seen to be the union of five non- overlapping rec- 
tangles (we have included -the "degenerate" rectangle con8istl;ig of the segment 
from (0,0) to (i, o) which has height equal to zero). OJhe area of- S Is 
Jjhus seen to be given by ^ 

^' -'area of S = .r^r (0 + 1, + ^ + 9 + l6). . M 

Now, (1), (3), *ind (4) yield ' _ . , 

(0 + 1 + 1^ + 9 + 16) < area of ^ < ^ {•! + 'k^ + 9 + 1-6 + 250 



125 



or 



or 



— < area of R < . 

TaMng the average of the upper and lower estimates, we find that ,3k is &a. 
approximation of the area of R with error less than - .1, that is, 

|,(area of R) - -3^1 < .1 . 
tfeking a look at what we have done * we fin^T that accepting th| ft-operties 
a-lt has forced us to the conclusion that the area of R must be between^ ^ "and 
ii. It is reasonable to expect that, if the interval [0,l] were divided into a 
Srger number of pieces, then a better approximation- for the area of R would 
resul\. This is not only reasonable to expect, but it is very easy to show by 
means of the following pictures. 
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n n n n'' 
/ Hgure 3a. 




n n n n 
, Hgure 3l>'. 




. ---T— -I 



1- 



1 

n 



Mgure 3d* 



In Hgure 3a and Hgur^ 3b ve have constructed, regions and S^, respectively^ 

containing and contained in R, Hence. ^ * • 



S < R < T 
n n 



area of < area, of R < area ofT. 

Ji in 



The region U *shad^ in Hgure 3c Is what is left of T after S Ts deleted.* 

n n 

• - ^' ' , 

area of ^ (area of T^) - (area of S 

• »v 

Hgure 3d shows that has area equal to that of a rectangle vlth hei^t 1 

and >dath — ^ bo that ' ^ ^ 

area of U = , . ' , * . 

n n ' 



area of . < area of B < area of T 



we see now that* we have the ''area' of R "bracketed between two numbers which differ 

n' ^® clear that by choosing n large enough we can get as close an esti- • 
mate as we like for the value of the area of E. Purthennore, if we can compute" 



ERIC 



230 



^ 



1 



the are§L of T^, then the are?i of may he obtained hy subtracting 

Instead of choosing a particular value of h and evaluating the area of 
for this n, ve should like to^ f ind a f onaula yielding the yalue of the area of 
T for all n. To^tMs end ve observe that 

• • In the ensuing pages, sums similar- to, the above will occur over and over, 
a^in. Because §jich sums have a way of stretching all thfe way ficross the page 
and being most diffitjult to read, we digress to introduce a notation to^ simplify. 
*the writing of such sums. , ' 

; 6.2 Slyna Notation * . , ^ 

- Near th6 end of the j^jireceding section we encountered the formula' 

In the sum on the right, all the terms have the s^e form, 'that is, they can all 
l^e expressed in the form 

\ ' ^ff^l^ for k - 1, 2, 3, -v^ ^ ^ 

Now we introduce the notation 

■ E ^f(-) " • ■ 

n \n/ 

to Stand *for the sum * ^ ^ ^ I 

/ Similarly, o * 

In general, if m and n are integers with m' < n, we define 

. ^ n . , ■ ■ 

' 2 \ , • 



as follows.: we evaluate ^ for each integer k from m to, n (inclusive) 
and add up all tl^ results. Thus • , 

k = 5 + 6 + 7 + 8 + 9 + 10 + 11 « 56 

and . ♦ 

f;3 = ? + 3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 = 27. ' 
k=l 
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Clearly, this notation ha» nothing to do with the letter k, that Is, 



n n 



k=r j=i 

It is onljf necessary to ^ see how^ various basic properties of addition look in this 

♦ 

notation in order to use thfe notation properly. lihe distributive law, for example, 
b.e<^omes: " . ' ^ * 

. * . ^ k=i ^ ]&i ^ 

!rhls holds true so long as"' c does not depend on If c depends on n^ the 

fowHula is still true since n^ is fixed; it' 1^ only which assumes different 

values* *-The addition property of Inequalities assumes the fom ^ 

' * ^ ^ \ ^ - ' , ^ * ^ - 

. ^ if for all integers k from 1 to n aj^ < K , 
* • * n n . 

.then £ ^ < X \. ^ , ; 

k=l ^ k=l ^ - . . 

The comfflutatlve and associative properties yield 



Tha;t is to say, the .^um of ^^^q^umher of teims is Independent of the way the Jterms 
are rearranged' or grouped* . ' , i <^ . 

One lasV Observation which. Is useful over fiuad over again in actually evalu. 
ating sums Is that ' ^ * , 

n * / I 

Ihis is easily seen as follows ^ , . " 

£ ^\ \ Vi> " -- ^p\ ^> <*3 - V -" K - Vi> 

^ = (-aQ + a^) + (-a^ + ag) + (-a^+a^) + ... + (-Vi*^'*!!^ 

«= -a-, + a « , . 

because all the intemedlate terms cancel out. 

Now let us evaluate a few sums. For example: 1 + 2 + 3 + ... + n. This 
^ . n ' 

sum is eiqpressed in our, notation as J) k. "Now the suipmand, k, can be eicpressed 

' " k=l 



in the form aj^ - a^^^^ with. ajN= |(k + |) v since 



E " W- Vi> 

vith defined eij^. » "^l^ + • * 



aunllarly. 



= 2 V 



c»n be evaluated by first ob'servlng that ' . 



8'^ V- ■ 2 
Hov we can evaluate the s\im 



n g 



somewhat indirectly by first evalmting|^ 



To this end ve ,note that ^ 

♦ 

1 3 "* 
vhexe = (k + bo that --^ . • 

Thus ' ^ 

k=l k=l 

On the other hand, ' 

]&1 ^ k=l k=l k=l 

Combining the tvo ejqpressions for 

.E Ok^+i) 

k=l 
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. we have 



Solving for V ve have * 

\ ■ \- >. ; , • ■.- _ ■ ■ 

• .1 ai'^ •*• Bn*" + n 

. v„ .-^ :, ■ ^ , 

IJie basic idea here was to get sgme quadratic ^expression in k (in this case 
3k •+ 1) ejGpreesed in the form aSie^res^ of the .conrputatlon vas en- 

tirely straightforvrard. As another exangpla try ' » 

n- ■ 



k3. 



-1^ 



Hbte that 

t (*k3 . k) = X [(k^ - (k '- i)*) . (n + i)"* - {|)\ 

k=l , k=l . - 2 .2 

On the other hand » 

£ (4k3 + k) .= £ Jtk^ + 1; k = 4 V k3 + ^ - ^^^^^y; 



k-i k=i . k=i" k^ 

Equating the tvo expressions for 

n. < 
E (i^k^ + k) 



k=I 



Ve have 



= [(n4)'M|)'][(n.|)'-(i)^]/^ 
[n? + n + |]tn(n +1)]. 



Wow, 



I- E = tn^ + n + i3[n(n + l)] - Unixi + l)] 



k=l 



/[n^+ nj[n(n + l)] « [n(n + l)]^ 



Here is a trigonometric example: 

' * 2 cos 2kA* ^ * * - ; 

. . . . - \ , ; k=l^ ^ ^ / , \^ ; .... 

We recall that ' , . , i 

sin (2k + 1)A sin (2k - l)A . 

<^ ^ sin asA cos A + cos 2kA sin A - (sin 2kk cos A cos 2kA sin A) 

^ ^ =2 cos 2kA sin A* * 

Iherefore ' . ^ 



\ 

Thus 



cos 2SsA = g^^^^ (sin '(2k + 1)A - sin (2k - i)a). 



2 cos 2kA = 2 2 sin a (^^" " ^^^^ 

k=X , k=l, • ■ 



^—^ y (sin (2k + U)A- sin (at - i)a) 
an A *-< \ 



2 sin « j^3_ 



n 



-^^2 sin A 2 [% " Vl^ 
^ere ftj^ = sin (2k + l)A. Therefore « ^ « 

cos 2kA = ' — r(a - a J = r~ — tIsIxi (2n + l)A - sin a). 

cos ciKii 2 sin A^ n 0^ 2 sin A\ • . ' 

k=l ~~ • - 

An especially simple example Is 

1 1 ^ 1 1 * 

1T2 **• n(n + 1} 



or 



n 1 ' 



Now * ■ \ 

1 _ 1 1 

k(k + 1) " k ' k + 1' 



n , n 1 n . Ji. 

^ere a^ iT+T' 



1 



^ 1 / ^ / 1 1\ n ' 

2: kOTTTy V = -^^rri - 1\= n + 1- 



lite caja sum -ttie familiar geometric i^gression ' 



r + r + + 



+ r 



J>y the same method.. Consider 



3ut 



Thus 



so that 



k\ n+l 1 
' - r , 



n 



n 



(r ..1) 2 r^ = r 



n+1 



- r 



k _ r •- r 
~ r - 1 



You should not get the idea that^ve vill alvays he successful in finiing 
sinrple escpresslons for sums of the fdm 2^ \- ^ amount of vork will suffice 

to produce, ffuch foimulas for the sums • , , 

n ♦ n , . 



k=l 



k=l 



x'-S ^S Pomputatlon of Areas ' 

P^eT the dj[gression of Section 6^2 In order to introduce a convenient nota- 
tion^ ve return to the area problem of Section 6.1» We were in the process ^ 
rinding an estimate for the area 'of the region R under the parabola f(x) = 
between x = 0 and x = 1. 





f(x)=x* 



Figure l^d. ' Figure ke. 

The above ■Qoictures shotild remind you that we had shown -Uaat 
area of S < a^*^ o*" ^ '< ^^^^ \t - ' 

' n ;^ , ^ 

. that • . ' ^ 

^ , area of = area of - area of = - 

and tha^ » , , , ' 

la -our new notation this f orwula may he esqoressed 
• . ... >reaof.T„ = gif(|) = ^i(|f- _ , ^. 

The sm /J - (-) . ittay he evaluated in the followip^ maimer: 
< Ic^l n n p n 

^ 1 /k\2 V^'-A-Vv^- • 
gin UJ ^fel n3 " n3fc-i * . " 
n' - ' . 

Now the sum* Y] was shown in the preceding section to he equal to 



So we find that 



3 2 
n-' _^ n . n 



3 2 



and * . 

1 X 1 * ' X 
area bf =f (area of T ) - - - ^ 
n n n J tin 



!I3ieref ore for any positive integer n we raust have 



It is clear that we can make the upper and lower estimates for the area of R as 
close to ^ as we wish hy choosing n large enough. It is therefore cle^that 



the area of R mist 1t>e ^ If It la to BMBfy this inequality for all poaitive 
integers n. 

If we stepvback ouid take a look at vhat ve have done, ve find that Ijhe ftc^ 
oeptanoe of the properties of area at the h^inning of this <diapter have led us 
to the conclusion that the area of k can ot^y f * 

We can apply the above technique to other reifLona, of course • JJere follova 
a particularly interesting exanrple* % 

Let us attempt to find the area under the curye 



f(x) F 



cos X. 



between x » 0 and x « a where a may he any ntmber between 0 and. ^ « 

















f (x)l b cos X 










1 





a 



It 

2 



Hgvire 5 . . ' 

We divide the interval tO,a] into , n subintervals pf equal length and construct 
^ the "coiitaining" and "contained" rectangles^ 





^ a 2a 

Or-—- ^ a 
n n n 



l«cos a 



.a 
n 



0 ± ^ 
n n 

figure 6c. 



(n-l)a 
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. As in the precfeding example, ve have 



S^.< R < T 



so that ' - '^ 

V >. \ area of <t'are€^ of ,R < area of \ ^ > ' 

as lllustratei in Figures 6a and 6h. In Figure 6c ve see the set v^^^ch 

results vhen S is taken avay from T_. We see that 
. n " . ; 

area of = ^(l - 99s : \ 



or 



(area of J ) - (area of S )•= ^(l - cos^a)* 

•This formula shows that the area of and^the area of can he made as close 

• together as :w wish hy taking, n sufficiently large. It also shows that .once the 

area of S has heen conrputed; the area of T is obtained hy adding / 

, n • . 

-(1 - *cosa). The drea of Is. glveii hy . . 

" ^fN-E^cosJ^ = ^E cos^. 
n \n/ n n » 



area of S = 



Mov, in the -preceding section ve found that^ ^ ^ >^ 

^ ■ FlinM^^^^n sin a) .^^'s^n (2n 1)a'- |. ' 

k=l ■ .. , * > * 

n^ a • " * 

The sum ^ cos ^ Has exactly this form vith A =^ Thu^/,^.. . 

; fel ^ ,2.sin ^ ^ ^ 2 sin 

' ■» • ' . , 

Thus " > n ~ » . . 

: • area of - ^ £ T = "f^ " . 

. ? sin^ 

JJow we should like to se*e irtiat can he said about the area oi as n become^ 
very large, life express 



a •« w 
— ^ — in ^i^e form 



We ^recall that lim SlB^ ^ \^ Therefor^ as n ^eis large vithout bound, 
sin ^ 

■ ■ : approaches iT Also, since the sin function* is gontinuous, we see that 
a 

Bin (a + .^) approaches sin a as n gets large without bovuid. How we see 



that ae n bectHpoies ^jbj^ vithp^t bound * 

sin ±~ ^ 2ia * 

• * • ' * 1 sin a p . 

aOierefore, as. Hv gets large vithout bound, . 



Similarly, 



aitea of -» 1 • sin a 6 = sin a. . 



area of 3** = area of S + ^(l - cos a) 

. " n n n . 



approaches^ sin" a" also. Since . * . 

area of 6^ < area of R < area of , ^ 

w see that we have 1fhe area of B squeezed between *two numbers which can he 
inade as close to ^ sin a as.inay he desired* If follows that the. area of' B can 
only he sin a. * 

Again we have found that the assumptions ahout area made at the hegihhing of 
this chapter have forced us to the qonclufeion tha\the area of the region B in 
this prohlotn must he sin a. 

We may not always wish to subdivide , our interval into ^hintervals of equal 
length* M^br exan5)ie, in approximating » - . 

1. ■ " •. _ . - * , 

between x = 0 and x = 1, it will be convenl^t to use sucl) a partition as 

_ V (o,.-(i)^ (|)^ (|)^ xf. 1) ^ • 

since the value of t/x at these partition" points is so easy to coiqpute. 

'f(x) ^-s/aT 




Ibr this partition the upper som |^ 



25f25 25125 25 If^ S5l25 a"^^' > fe 



1^ 25. 
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»and the lover mm is ^ = SBie area uixder this curve satisfieB 



1^ ^ 

. . ^ < area of R<^ ^ 

Be can do "better wstng the partition 

• .. , {0, (ix^ (ff, 1). 

' " • ' • • th * " " ' ■ ' ■ ' <• 

lEhe length of the sublnterval^is . 

f * ^ ;.kx2 : 1 x2 - ac'- 1 ^' . ' - 

- . . V ^ n ' " 2 

so that the upper sum con^psponding tp this partltian is - 
2t - 1 Jth \ 2k - 1 . /k^ 2k - k 2 . 2 1 V* , 

- ' • ~ ^ ' * * • ^- ► ' * . * * / 

3ja^the prececULng Section we j^P^ ^ / 

Therefo re the upper gu m. Is seen to he ^ 




1 h(n + l)(gn + l) n(n -t- l) l n(p + l)(4n - l) l^n^-^^ 3n - 1 
• i % a. similar comoputation the lower sm^s seen to he / 

^ Hms for^'ttels region ve find ^ 

^ - 1 ^ ^^^^ p ^ ^ 3n - 1 - ' 

, — < area or R < 5 — 

^ « X ^ 6n * on 

We- can see that by taking n sufficiently large the uppef and lover sums can 
hoth he made . as close as ve wish to ^. The area of R must therefore he 

Let us now review and collect our InfOimation relating to the ^proh^em of ^ 
finding o^: approximating the area under a ct^rve* Suppose we have ^ function f 
-contiiStuous on the ..interval [a>h]> and suppose that f(x) > 0 for a < x < h* 
-r™ ^ ohtain xgp^er ?^ estimates for the area underHihe-curv^,--w 

tian the intervcO. ta,h] ^ hy means of numbers^ (not neqessarily equally spaced) 
3Cq, x^, Xg, "'satisfytog. . „ 

' In each of the suhintervals Ix^^-^t \h ^ ^Tincl the maximum value M^^ and 



BdaaiimM nralue^^ assiMecbty thai; is^ 

yi^ » max f{x) for S^:< \ 

S5 min for Xj^^ ;^ ^ S 

Is eeen to be th/ of arjeas of non-over^fepping rectangles contained In the 



Hbv the smk 



reigion under consideration* 





• 


p 




Hi 






ii 









a = 



n*»JL 



Ugare 7a • . 
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f 



a = x«» X 



Cf ^1 ^ Vl 
ilgure 7b.' 



The sum 



n 



is the sum of the areas of non-overlapping rectangles vhose \inioni contains the \ ^ 
region tinder consideration* The values of these sums are d#termiaed hy the func- 
tion f and th partition A vhere - 

A ^ U^, x^ / x. 



We will use '^he notation 



and 



and to denote these sums.^ tChus 



It is true that S^(f) and*" might he hetter notations as they Indicate 

the dependence .on f« ^In our discussions^ however^ the intended ^function- f vill 
be Glear> and ve Td.ll stick to the simplier liotation. is callad the upper sum 

-associated ndLth the partition A, and idae lower sum associated ^th the 
partition A. 



Our methods will not alvaya aucceed InTprodudng an txact ansver to the M^a 
prohlem* For example. In the problem of finding the area under 



f(x) . i 



~ 

betveea x « i£L and x « 2, no such answer la avallal)le to you at thla i)olnt* ' . 
(OihtB matter^ will he cleared up in the next chapter.) We can still, in such 
cases, find close approx4matlons to the area. • 

. Suppose that we are given, a function f ^ieh is monotonely increasing on 
the Interval [a,h]. And suppose that we are required to approximate the area 
under this curve with an erroT no more than .1* 




^ , • Hfirure 9* . 

Our method will *be to try €o find a\ partition A for which and S^^ differ 

hy no more than .1. If we try to find such a A hy hit or miss methods, we 
might be a long time finding it. We should like to have some way of tellir^'in 
advance whether a partition would do the trick. This turns out to be not at all 
difficult when the function f is monotone. • 




a « Xg 



X ^ X = b 

• n-1 n 



Figure 10. 



erJc 
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Figure 10 shows the function of Hgure 9 with a p&rtltlcm L - (x^, x^, 
The shaded region represents the difference . , " 



each of the shaded rectangles being equal in area to a term of this sum. In the 
picture Figure 10 we see that the suhlnterval * [xgjX^] is the widest of all the 
sublntervSls formed by this partition. Therefore 'each of the rectangles of 
Figure 10 may bo Jslid over" horizontally (see Figure ll) to fit without overlap- 
ping Inside the rectangle boiinded by the vertical lines x = Xg and x » x^ and 
the horizontal lines y = f(a') and y « f(b). 

f(b) 



V 

8? 





a-XQ Xg 



!I!hus for the. function and the partition of these pictures, we have 

* ' ^ S^ - S^< [f4b) - fU)3(x^ - x^. ^ 

A simple calculation shows that a similar result holds for any monotonely 
increasing function f and any partition* ^Let us first introduce the notation 
called the ^'norm of A," to denote the length of the longest suhlnterval 
formed hy That is, 

N iiAii = -ihl 



INI 

Now we see that 



maximum of {x^^ - Xq, x^ ~ •••^ x^ - '^n-l'^* 



n 



k=l 
n 



IW 



n 
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Hext ve are ready %o. use the montoneity of f . ^ Since f l^ increasing, we see ' 
that the. maximum functional y^uLue on Bjoy interval occurs at ^the right hend end- 
point and the mlnimiM at 'Wie left. Thusj * 

* 

How , ' ' " , » 

n . ^ n • . 

k«l . k«l 

Slhis last svim ^''^^^^ * ^^^-l^^ ^^^^ ^® those delightful sums 

It^l- 

in vhich almost^ everything cancels out* Thus * , 



We at last ve see that 



Sa < ||a|| [f(h)^ f(a)]. 



(This was illustrated in Figure 11 where j was x^ - x^,) The argumlent 

goes the same way for' monotonely decreasing function wheare we would obtain the 
result > % • ' 

S^- S^< II^M [f(h)^^ f(^^ 

Th^ two results can he collected in the single statement* 
If f ^ij^ monotone on [a^h], :then 

- < llAll |f(h) ^ f(a) 

e usefulness of this finding is exhibited by. such problems as the following. 

Problem. Find^upper and lower estimates differing by less than .1 for the area 



Problem . i»inci^jtf)per and lower estimates airrering b 
under tflie ^^^^^H^*'^^^^ x ^^^^ the interval [l>2]. 
Solution . First, how to choose A? Well, we se^ that f<a) = i - 1 sind 
f(b) ^ so that |f(b) - f(a)j* =^ — . 5hus for axiy partition A IWhatsoever 

^ S^< Ikll [f(h) f(aS] =1 1|A||. ^ ^ 

In order to guarantee that 3^ • *1 ^ we need only be sure that A is so 

chosen that ^ | |aJ | < There are many such partitions, of course, the most 

*~ 6 T 8 9 ^ 

natural to select being A {1, r*^ c'^ 2). The upper and lower sums for 

* , ♦ » » ^ . ^ » ^ 

this 'partition are = and ^ = and ? ^ 
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A result ^similar to , , 

Is easily obtained for '^Jpiecewise monotone" functions ♦ A function f Is. ^^piece- 
vise monotone" on [a,"b] iJt«here exists* a partition. of [a,b] such that f is 
monotone on each of the sub;^texvalB of the partition. 

Ifow suppose that f as pieaewlse monotone on [a,b] and suppose thOT. p is 
the number of "pieces" into vhich [a^h] may he i^rtitioned so that f isJaono- 
tone on the pieces. Let the maximum and minimum values of f(x) on the interval 
[a,h] he denoted hy M e^d m> respectively • Then fpr any partition A of 
[a,h] ve have . » 

33als statement heccttaes obvious on considering the following pictures • 





figure 12b. 



Figure 12a shows a function fj Figure 12b shovs how the interval . [a,b3 may be 
partitioned into three pieces on each of which f is monotone. 



4 
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Figure 13a. 




Figure 13b. 



3jQi figure 13it have added a .parbltldn A and shaded the area corresponding to^ 
- S^* la Hgure 13b we see how to spilt the reetfiu:^les of Figure 13a Into p^ 
groups (that if ^ 3 groups) bo that Jt Is obvious *that the total wrea of the 
rectangles In each group Is less than (M - m) | |a| | • !Ehe reasgrflihat this Is so 

obvious is that for each group i^e projections of the rectangles on the y-axle do 

*" ' ♦ ^ - ^ ^ ~ 

not pverlapl Thus> since tljere axe p such groups in all, 

" •# » , 

In speaking of continuous functions, a typical exaaiple of which is illu- 
strated below, we are likely to be wary of trusting our intuition^ 




Figure Ik* 



For example, it seems intuitively reasonable that for any two partitions A, amd 
£^ of [a,b] we Ought to /be able to conclude that * 



since 



< area of R 

"^2 



and 



area of R < 3. • 



However, can we be sure that for such contplicated functions the region R actu- 
ally has an area? It can be shown independently without ?fesortlng to the use of 
area that * « 



Suppose that is a functioAon [a/b] and that A Is a partition of this 
interval • Let us see what hagpens/*o the upper and lower sums when one additional 
point is adjoined to this partition between x.^ and x., thus forming a 

new partition A' • * ^ 



Now we see that all the tems of 



n 



.except one also appear in the sum S^' • 



J 
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Mgure 15a. 



Hgure 15b, 



One teim;of 'S. 



is replaced by 



and 



M.» « max f{x) for , < x < x' 



M," « max f(x) for x' < x < x.. 



(See Jigs. 15a and 15b.) . * 

It Is clear that the maximum value of a function on a aubinterval cannot ^be larger 
16, than the maxtinum on the whole interval. Thus 



Mj» < Mj and M^" < 



so that 



M^'(x' . x^,^) + Mj"(x;.^x') < M^(x' . x^.^) V Mj(xj - x' ) - Mj(Xj.- x^^^). 

This inequality shows us that the sum of - the teims replacing M^C*^ ^ 
obtaining from S^. cannot be larger than the term they replaced. Therefore 



A — A 



In. Just the same way it can be shown that m^' ^"^jj* ^^^^ * 



How we are ready to see "why, for aay two partitions and ^ of [«,b3, 

we must have 



Ibr,' let be the partition consisting of all the partition points of both 
and, Ag. Now can be obtained frojn A^ by starting with and succes- 
sively adjoining one point of A, at a time. At nq stage of this process is the 

- ■ . ■ • ? - . * * 



ERIC 



21^8' 



24n 



UKP%r SIM ever increased* ThiJiB the final upper sum in this process cannot 

"be greater than the initial one S. . That is^ 

^2 . ■ 



^3 



In the same vay ve see that 
It is, of course, obvitous that 



^3 ^2 



3 3 



since th« terms in the sum are term by teim less than or equal to those in 



S.^ . At last we have 
^3 



^ ^3 3 2 



The result ve have just obtained can he formalated as follows,* ^ Suppose that 
we have a function f continuous on [a,b]* Suppose we let j;^ represent the 
set of all lower sums and represent the set pf all upper sums. Then every 
member of is less than or equal to every meini)er of 

When this result is formulated in this way> we see that we can assert, ft:om 
Propesrty 8 of the real numbers, that there is at least one number S separating 
the two sets and ^» That is, forjany meaner s ^of ^ ah^ of 
we will have ^ 

If ve were able to show that there is just pne such number S which sepa- 
rates ^?(^ and then w^ would have just what we want. That is to say that under 
the assumptions at the beginniiig of this chapter, there is just one possible value 
which the area under f over the interval [a,b] could possibly have. Retf erring 
again to Chapter 2,* we see that in order to demonstrate vthe uniqueness of the 
number S separating and , we have only to show that for every positive 

nxmiber c there exist members of ^ and of such that 

^1 . ^2 • . 

It Is Interesting to^note that, in the case that f is monotone^ a considerably 
stronger result has al^^ady been d^onstrated, to wit; if f is monotone' in 
^ \[a,b], then for any partition of ta,b] we have 

V ' ^ 4< HaJI - fU)|. . , 



Stnce |f("b) - f{a)| is fixed, ve see that by aaking | |a) | sufficiently small, 
ve can force - Sy, to be as small as we wisb. A similar^ resxilt holds for 
piecewise monotone functions in view of the inequality 



f(b) - f(a) 



Here p is the number of subintervals into Mhlch [a^t] mtust *be p^krtitidned in 
order that f ^ should be monotone on the subintervals/ Again |f(b) - f(a)l and 
p are fixed^ so that by choosing | |a| j sufficiently, small, ve may make 
Sa ~ as small as ve dike» 

The situation is slightly different if ve know only that the fimction f is 
continuous* In the above discussion ve found that for every function vhich is 
monotone or piecevise monotone on an intelVal [a^bj ve can find a number k so 
tliat 

- S^- S^<k||A|j. ^ . 

Ihere do^ however, exist continuoujg functions for vhlch no such k can be founds 
Nevertheless J it is true that for any function continuous on [a,b]^ we can make 
- 1^ small as ve like by choosing | |a| | sufficiently small. 2hat is, 

Theore m 1. If f is continuous on [a,b], then for every e > 0 there is a 
6 > 0 such that " ^ < ^ whenever - | |a| | < &* 

We vill not prove this theorem isa this text, for there are ui^leasant tecMnical 
difficulties in our way* The student should recognize thaH: ve h av e proved the 
theorem^ for continuous functions which are 'piecevise monotone . We shall, however 
assxjune the theorem to be true for all continyous functions* Tram this assumption 
we see that it follows that for every continuous function there is a unique num-- 
ber S which separates the sets and Thus we mate the following 

definition. 

Definition 1. If'\f is continuous on [a,b], we define 

/!\(x) dx 
. ^'a 

(called the integral of f aver the interval ^[a,b]) to be the unique number S 
such that ^ ^ 

whenever A, a^d A ai^e partitions of [a,b]. 

We re-emphasize that, ia order for this definition to maKe sense, it is 

T . » ' 

necessary to have Theorem 1 it our' disposal to ensure the «iniqueness of the num^ 
ber S. We remind the student that tfiis theorem has not been proved in this ho6k, 



-onder the h^thttals that f la contlnaous. But on the other huA, ire further 
re-eniphaslze that the theorem has heen proved under the additional harpothesle 
that t Is plecewlse. monotone* Now^ all the functiona that we will encoimti?r In 
this course (except for a small number of hoirible ejwnrples) wllJL he plecewlae 
monotone* *TkmB, for the functions ve will actually encounter^ the theory on^ 
vhlch this definition rests has been proved* Nevertheless, ve vlll how to tradl- 
tlon and state the definition for continuous functions • 
A remrk on the notation involved In 



dx . 

is in order. It should he clear that the value of this integral is synonymous 
with the area under the function f over, the Interval [a^h] and depends only 
on the function f and the interval [a,h]» In particular x has nothing to do 
with It whatsoever. Thus, 

J^fU) dx ■ j[|f(y) " • J[*f(t) dt ' 

all have exactly the same meaning . For that reason scaae authors Instead write 



We vill, hovever, adhere to the more standard notation 

rb 



dx 



which has ^ in fact^ a numher of advantages which will become apparent shortly. 
One of these advantages Is that this notation permits us to write 

"b 2 

a^ 



iijBtead of 

I * *^a 

where f is^ defined by 



A) 



f(x) = x^." 

'~ letting e" < 0"""and~cE6osihg B"<~t) — STic h" ' UmL - < €. — whenever — r 

I |a| I < ^ and recalling that < J'Vx) dx < S^, we see that both the upper 

sum and the lower sum will differ from the Integral by less than Thus^ if 

the norm of the partition is sufficiently small^ the upper and. lower sums will be 
close approxlmatloxjs of the Integral. \ 



^ ~ * , \ ' • • ■ ■ ' 

Again let f be a\futtctlon c^ntlmoija on [a^b]^ and let 

be partition of [a,b]. In me k** subint€t^ of this partition choose a 
nxnaber Mow ve havfe . . * 

a> < x^. <:x2 < X3 <;^.-. < x^,^ < » b 

and ^ ^ ^ * « 

Hext consider the* sum * , : 



I 



n 



This sum is equal to the area of the union of rectangles depicted "below. 




Hgure 1. . 



X ^ I X = b 
nJ.^n n 



Such a sum Is called a '•Rieman^lBm." Although j^t is clear that the value of the 



sum depends on the choice of the numbers i^, we. will nevertheless 

use the synibol to denote such a sum. 
For each k we have 



that 



n 



^ it nov follows that 
Theoreig for^eveiy € > 0 'there .exists a 6 > 0 so that, if 1 1^1 1 < then 

^a 



or 



(regardless of .ihov chosen in the k*^ . suhinterval of A) . < ^ 

THis is made clear by recalling that f or everSr^ > 0 W.c«n f ind 5 > O,- ^ 
so tt^at .if m 1 < -6 -then - < € . Since /^f (x) dx' and S^^ hoth .lie \ 
betwee/ «xd S^, it ^ is cleat that and J[\(x) dx Mist differ hy^^^^^^ 
than 6. 

We summarize the state of affairs described in Oheorem 2 by saying that ^ . 

llm S. = rf(x) dx. ,i 

/ llAlho ^ . ; 

we see that ve have a different kind of Winit here, but one >^ich bears a strong^ . 
similarity to iahat encountered In lian ^'^ x) . 



■"X"*a"' 



. Interpreting the integral as the area under the curve, we ckn see frcM ;i 

Figure 2 that the* relation -h c 

' V "J^'^fCx) dx - J[r(x) dx +/^f(x) dx 

ought to hold true vhen a < b < c. This follows fron one of our basic assump- 
tions about area at the beginninig of this chapter that 

H . area of (R^ U R^) = area of \ + area of Rg. 




Hgure 2. ^ 

We should like to^be able to establish this relation directly i ^ora our ana- 
lytical definition of the Integral mpre or less as a check on >*ether this defini 
tion truly corresponds to our intuitive concept of area.^ It turns out that this 
is quite easy to do, and the method employed is, in fa^t, rather interesting. 

We assume that f is continuous and non-negative on [a,c]. We knew that 
there is only one number K satisfying. 



< K < S 



FRir 
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for ev^iy partition A of ja,c3, and this number is f^U) cbc. Ctonsequently , 
if ve can establish that . * • 

for every partition A of [ a, c], then it nrust follow "titiat 
. . j[f(x) cbc'+J^°f(x) = j[f(x) dx. 
, / It only Wins to establish this inequality. Let A be any partition of ta,c]» 

H 1 I -I — I 4 — I 1 — h— H 



a = XQ ^x^ 



A-i \. 



. • * • t T x_ » b 

n-1 Hj 



Let 'be the partition obtained by adjoining the additional par5tl^.n point b 

^ — I 'l I Y . — r i; 1 .1. I h- 



^ r ^0 ^1 



• • • 



ft. ^ 



Khlch falls, say, between x^^^ and Xj^. Now we know that 



The partitions 



and' < S.. 

^1 - A 



^2 ~ ^^0' "''^1'' ***' ■'^-1* 
S3 = -b, V •••'■^n' . ,■ 



/ 



/ 



are partitions of [a,b] and [b,c3, respectively. Th^teAs* in the sum 
consist of Just those terms in tl^e two sums S. and . so that 



This is illustrated in the following figure. 




^'^-1^ \ Vi\ 



Mgure' 3. 



|«4i8"4l8tlngttteh«d l$i the lOfiBner' 6^ sums . * ' 



Ifov^ of courAe^ 



Adding these inequalities' In columns yi^ds 

<!ollecting all ve have said yields the s-^ring of ineqiialiliiep > 
011148^ ve have succeeded in shoving that , 

•Tgr all,, partitions A of [ajc]^ ^and as ire have already ohserved 

1 f(x) dJt ^Ifix) dx = I f(x^) dx 
* , */a , vb */a , 

in consequence^ ^ * 



erJc 



255. 




f 



THE LOGARITfiMIC AMQ EXPOMEHTIAL lUNCTIONS 



•rf In t^^ latft.chaptef^e- found antide3>iYat:^es (indefinite integrals)" for x 



for'aD- integers ii~-«l:bh, the single exception of -1. The fojnnula obtained vas 

n+1. ' * .. , ■■ . ♦ 

x^dx = + C ' n j^*-l. 

» + 1 ^ . . • 

!Ehis fOOTiula not only fallV^o hold vhen* n = -l^^lt doesnH even ^ake sensel 
Does* the fugiction f de^Rl^ed hy v 

... . ^ M-k ' ' ■ ■' ' "•' 

fhave eui antid^rivatlve? T^is question' is most easily ansvered. Consider the 



'iWctlon L defined hy 



1 



j,.ljnterval between 1 and . 



Since Xk5> 0, the "integral is continuc^i^rr tlhej^^^ 

Therefore the integral exists, and the ^P\wdamen1^1 ^Jheorem. of Calculus applies to 
yield ' * \ - : ^ . ' ' \ ^ ^ ' • 

The question of the existence of an lahti derivative qf - has been answered, 
but the^ answer ♦tuilqis out not to be a poweY^of* beh|LVior of the function is 

not obvious. We will devote some .time ta tM^tudy of this function* Ilrst we 



vl 



will look at the graph of y - x XO* 






figure la* 



Figure lb. 



X 1 



Figure Ic. 



, The value of L(x) J. r dt is, for x > 1, the area 
y « ^ sl^aded in Flg^^ure lb; while for 0^<: x < 1,^ L(x> i§ 



under the graph of 
th6 neCTitlve of the 



e*ea imder this curvfe t>etween x. and 1 as shaded in Figure Ic. It is obwioiJijs 
ttiat L(:l) *'Jl' ^^ dt « 0, and since tiae integrand is positive, L is an Increase 
ing function, . 

The most Iniportant property of the function L, from irtiich., all tl^e 8U|3se- 
^ ^ quettt properties a re deri'yed. is that * ^ . 

L(ab) = L(a) -b^iJCb) a,b > 0» « • ^ 



tihe chain rule^ ^ve have 



!Ehis can be phowi in sevewil vays^ for example: Oamputlng D L{ax) by means of 



^ ^ D^L(a3p) = L'(ax),.D^(ax) =^.a = |. 

Since it is also true that. D L(x) = ^, weMsnov that L(ax) and L(.x) must' dif- 
fer by a constant^ thus ' . 



- L(ax) = L(x) + C. ' 

~ We evaluate the constant by setting x =? 1, Then L(a) = L(l)*+ C pr L(a) C, 
^Cheregfore - ' . 

* L(ax) = L(x) + L(a). , ^ 

• This resui^ Is. sufficiently interesting that ve give an additional :proot of It. 

, ^ow the int,egral I >■ dt is, of course, equal^to L(a)} to the second 
- . • « ^1. • ' • ■ 

• integral we apply the substitution theorem, substituting t = as. Nov we have 



V D^t I^s = a, afiA foi^ t = a, s = 1, and for t = ab, s = b. %aus 



Therefore L(ab) =^ L(a)^ L(bV ^ * 

We can als6 see^ that * v * 

. Ji L(abc) - L(a) + L(be) = L(a) + L(b) + L(c), etc. 



Therefore 



L{b^) =\(a) L(a) + L(a) - n L(a) 



for n positive integer. Moreover for n a positive Integer 
^ * L(a) = L((a^/"r) - n U^h ^ 

so that LCa^'"") - i L(a), ^ ^ ^^f 



It therefore follows, for n a positive rational nxamber, that we may express 
r in the form ^, with p* and q positive integers so that 
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Similar reaulta hold for negative e^qponents > ' . 



L(a)l + L(i) = L(a • 7) « L(l) « 0. 



Therefoye 



4 



L(i) - -L{a) or UeT^) » -1 'LCa). 

?Ehuft, 3^,f r Is a negative ratioixal n\amber ^so that -r Is a^posltlve rational 
'imb6r)j^ ve have , 

LCa^) = L(u"^^r^) « -1 L(a^^) « (-X)(-r) .L(a).-\ L(a). , 

We have shown for all rational numbers r except zero tJ^t LCa*^) = r *L(a)* 
9!his foiroila also holds for ' x » 0^. since * . , * * 

• ^ • L(a^) L(l) « 0 « 0 L(a), 

iRirthpirmore , , 

, ' \ ■ L(f) = L(a) + L(i) = L(a)j- L(b). , ^ 

.HVo final properties of the function L f ollov, • - 

Since L{2 ) « n 1j(2) and L(2) is a fixed positive nxomber^ ve see that as 
n becomes large vfthout bound, so does L(2 ). Therefore L(x)-^« as x-^<»^ 
. Similarly, L(2"^) « -n L(2) so^that L(x) as x--^0* \ 

We are ready to* collect our results about the functibn L and finally to 

VI • » » 

"sketch its graph • 

Properties of the function L: 

(1) L(x). ^J^'^i dt, x > Oj • 

(2) L is 8U1 increasing function; 
J, (3) L(l) = 0; * • 

(k) l(x)-*"«» as X -*•«>, and . L(x)-*«» «.b x-*-0| > 

(5) = |, X >0; . — . 

(6) L(ah) = L(a) + L(b), a,b > Oj ' * 

(7) L(|) = L(a) - L(h), a,h > 0; 

(8) L(a^)''= r L(a), a > 0, r rational.' 

We vould now b<^ able to di^v ^^jtytte an accurate graph of the function L if 
we knew the •'functional value (or a close approximation of it) at one number, other 
than the number 1» Such an approximation can be obtained %s follows: Pirst 
note that * /i+x ^ - 
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by the subatitution theorem for Integrals vhere ve^ aubetltuted 1 +^ t for ' a. 

Now, for t > 0 ve have * 

..•».» 

1 • t < 1 < 1 + t? . 
mviding this inequality by 1 + t (which la positive), ve have 

. a - t + t*^ - t-' < r-r-r < 1 - t + t*" - t^ + t*. 

* * ^ * 

Therefore for x > O , , \ • 

J^(l - + -*t^)dt < f^^^ - t + t^ - t^ + t^)dt. 

Pwforming the Integrations on left and right ^tnd noting that ve* have already 
shovn that the middlf integral -ia. L( i + x) , we have 



2 3 ^ 3 
X - ^ + ^ - TT < Ld > x) < X - ^ + ^ w ^ 



2 3 

X . X X 



2 ■ 3 " 

for all X > 0; . , . 

, , In particular, setting x = 1 yjLelds 



' BO that 



l-i.i-^<«2)<l-4*i-t*i 



We'^thiis see that L(2) is vithin ^ of * 

Another more na;bural and ^ quite different vay of .pomputing Ii(2X vould he 
approximate the integral 

hy computing upper and lower'^sians . We use \he partition 

V • A.=.{1, |, f, J, 2). 



to 
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Since r Is .aecreasing, we have 



^ile 



♦Thus 

* 

a 

* or 



_i+ 1 + 1 + 1 



f 

1 . 1 



* 1 1*066 * 2 

Hence L(2) is vltMn ^* 6f or approximately ' 

Here is the graph of , 




ELgure 3* 

In sketching this gr^ph^ ye have used the following data: 
iL(l) =~0, L'(l) = 1> L .'Is inereasingj 
L(2) «| so that L(U) = 2 L(2) w |, L(8) = 3 L(2) a 2| 



L(|) = -1 L(2) « -|, L(|) = -2 L(2) 
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